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Abstract

This study examines a group of fractional stochastic Wazwaz-Benjamin-Bona-Mahony (FSWBBM) Equations, which incorporate both
fractional and stochastic perturbations. The Wazwaz-Benjamin-Bona-Mahony (WBBM) Equations are widely adopted to describe the
nonlinear behaviors of waves in dispersive media. The main objective in this study is to develop exact travelling wave solutions through
an advanced analytical technique. In this framework, the Riccati-Bernoulli sub-ODE (R-B S-ODE) method is applied, replacing the
classical derivatives with a conformable fractional derivative of order Y€(0,1]. At the same time, the family is subjected to Gaussian
white noise. Employing a travelling wave transformation reduces the FSWBBM equations to nonlinear fractional stochastic ordinary
differential equations. The R-B S-ODE approach is then used to obtain closed-form analytical solutions. This method generates
various families of explicit solutions, including hyperbolic, trigonometric, and rational functions, depending on the fractional order
and stochastic strength @ . The physical characteristics of the resulting waveforms are illustrated through two-dimensional and three-
dimensional plots produced with MATLAB software. The findings confirm that the R-B S-ODE method provides a robust analytical
tool for solving higher-dimensional fractional stochastic equations.
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1. Introduction

Fractional partial differential equations (FPDEs) are
utilized to model complicated phenomena across diverse
areas, like viscoelastic media [1], control systems and
signal processing [2], and biological systems [3], among
others. Fractional derivatives, enabling the modeling
of systems with non-integer order. They are widely
applied in viscoelasticity, physics, and biology, and can
be expressed in various forms, including the Griinwald-
Letnikov, Hadamard, Riesz, Riemann-Liouville, Caputo
and Conformable derivatives [4, 8].

Fractional stochastic partial differential equations
(FSPDES) are an advanced class of mathematical models
that combine fractional calculus with stochastic processes
to capture system exhibiting anomalous diffusion, non-
integer order, and intrinsic randomness. These models
generalize classical partial differential equations by
incorporating derivatives of non-integer order, which
enable more accurate modeling of complex behaviors
found in physics, finance, and biology [9-11].

This work focuses on a family of FSWBBM equations
formulated within the framework of stochastic calculus.
The governing equations incorporate both conformable
fractional derivative (CFD) and Gaussian white noise,
driven by a standard Wiener process. The family under
study includes nonlinear interactions and higher-order
mixed spatial-temporal derivatives, making it analytically
rich and challenging. Our objective in this study is to
develop exact solutions to FSWBBM equations using
R-B S-ODE technique.

Consider the following set of equations:
DIH + DIH + H*DYH — DigH = g(}[ = DEH)AW (), (1.1)
DVH + DIH + HDIH — D H =5 (H — DHH)AW(D), (1.2)
DYH + DYH + HDIH — DIH = £ (H — DIEH)AW(D), (1.3)

Here H, is a function of the spatial variables x, y, z
and time ¢. The operators ©2,D9, Df and DY denote the first-
order CFD of order 1§ with respect to spatial variables and
time, respectively. The second-order mixed derivative is
defined as DZH = DI(DyH), while the third-order mixed
derivative is given by D3, # = D2(D (DI H).

Here W(t) is a standard Wiener process (SWP), and
o is noise strength. The SWP satisfies the following
conditions [12]

*W(0) = 0.
* W(t) is continuous.

* W(¢) has independent increments.

represents a normal distribution.
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e
Consequently, the expectation satisfies E[e?”®] = o).
In addition to these properties, it is important to
emphasize that a SWP, being a Gaussian stochastic
process, can be expressed as a linear combination of
independent normally distributed random variables [12,
38, 39].

R-B S-ODE method is recognized as a powerful and
efficient analytical method for deriving exact solutions
of various NLPDEs [13]. A notable characteristic of this
approach is its ability to derive an infinite set of solutions
through the application of a Béacklund transformation.
The method has been applied to numerous nonlinear
models arising in diverse areas such as fluid mechanics,
plasma, and nonlinear optics [14-16]. In this study, the
R-B S-ODE method is employed to derive analytical
solutions to FSWBBM equations.

In the limiting case Y = 1, ¢ = 0, Egs. (1.1)-(1.3)
reduces to the classical WBBM [17] equations.

Hy + Hy + H2Hy, — Hyye = 0. (1.4)
Hy + H, + H2H, — Hyye = 0. (1.5)
Hy + Hy + H2H, — Hyy = 0. (1.6)

Various methods have been developed to obtain
solutions to Egs. (1.4)-(1.6), these include tanh-sech
method [17], modified extended tanh-function approach
[18], Sardar-subequation techniques [19], the tanh-coth
approach [20], several auxiliary equation-base techniques
[21-23]. Other approaches involve the simple ansatz
procedure [24], the modified exp-function strategy
[25], the modified simple equation and R-B S-ODE
methods [26], the exp (-@(y))-expansion technique
[27]. Additionally, expansion techniques such as the
(G'/G?)-expansion techniques [28, 29], the Sine-Gordon
expansion technique [30], generalized Kudryashov
method and optimal homotopy asymptotic strategy
[31]. Moreover, numerical solutions based on the Sinc-
collocation method have been used [32].

Furthermore, numerous research efforts have been
devoted to the study of stochastic WBBM equations.
For instance, [33] investigated the bifurcation solutions,
while [34, 35] applied modified tanh-coth methods.
In [36], G'/(G'+G+A)-expansion and the modified
G'/G*-expansion methods are used. The authors of [37]
employed the F-expansion method.

The application of the R-B S-ODE method to the
FSWBBM equations has received limited attention in the
existing literature. Accordingly, this study is devoted to
deriving diverse novel exact solutions of the FSWBBM
equations, thereby enhancing our understanding of their
physical behaviors.
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The article is structured as follows: Section2,
introduces the CFD. Section 3 outlines the steps of the
method. Section 4 presents exact solutions of the family
of FSWBBM equations. Section 5 provides a discussion.
Finally, Section 6 summarize the conclusion drawn from
the study.

2. Foundation
This section presents the CFD and summarize its
fundamental characteristics.

Definition [8]. Let M'(%) be real-valued function
defined on [0,0). The CFD of order U€(0,1] for M is
defined as

M(t+6t179) — M(2)
5

DIM(t) = lim V8 > 0.

If this limit exists, for M’ and IV, then
DItk = kt* 9 k e R,
D4 =0,
DI(BM +dN) = 6DIM + dDIN,
DI(MN) = MDIN + NDIM,

o9 (2 _ NDIM-MDIN
t\w/) N2 ’

DIM () =M,

DIMIN ()] = £ PN )MV (£)],

where & and 4 are constants.

The conformable fractional derivative is adopted
in this work because, in contrast to the Caputo and
Riemann-Liouville derivatives, it preserves many
structural properties of the classical derivative, the
detailed discussion and comparative remarks can be
found in [8, 40, 41]. Moreover, the CFD admits a clear
physical and geometrical interpretation as discussed
in [42]. The motivation underling the main advantages
and key limitations of CFD is discussed in detail, and
the reader is referred to the relevant literature; see for
example references [8, 41].

3. Description of the R-B S-ODE method [13]
Consider the following space-time FPDE:

3.1)

where G represents a polynomial in M'(x, ), z, ¢) and
its associated derivatives. The R-B S-ODE method is
carried out through the following steps.

(1) Using the transformation M.z =M(E). with
&= (px? + gy’ +r2° — wt?)/9, where p,q,7 andw are constants.
Eq. (3.1) transformed to an ODE:
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QW M, ") =0, (3.2)

1 4
where M = ot

(2) Assume that Eq. (3.2) has similar solution as R-B
equation
M' = AMP™ + AV + EMT, 3.3)

where the constants 4,4,¢, and n are to be identified.
The higher derivatives of Eq. (3.3) gives

The following set are solutions of Eq. (3.3)

Set-1. For n=1,

M = CeltHEDE, (33)
Set-2. Forn# land=7=0,
M="[An-1)E+C). (3.6)
Set-3.Forn# 1, £ #0and £ =0,
M= "’1f(3eﬂ<"-1>% -% 3
Set-4. Forn # 1, A # 0, and £% — 44£ < 0
S
M= (— LU (“‘”W €+ c)))l_n, (38)
and
1
M= (—%— R (—“‘“W(g + 0)))1_". (39)
Set-5. Forn # 1,4 # 0, and A% — 442 > 0
1
M= (—%—@Mnh (_(1—11)@ €+ C)))H, (310
and
1
M= (—%—@com(@m@))m. 311)
Set-6. Forn # 1, 4 # 0, and #2 — 44 = 0
M="" (/L(n—11)({+€) - %)’ (3.12)

where C is constant.

(3) Placing Eqgs. (3.3) and (3.4) into Eq. (3.2) results
in an algebraic equation in term of M , whose solution
yields #, # and £, these are then substituted into Egs.
(3.5)-(3.12) to provides the travelling wave solutions for
Egs. (1.1)-(1.3).

Let M,_1(§) and M, (§) = M, (M,,_,(§)) and be solutions
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of Eq. (3.3). Then, we have the following relation equating to zero. We obtain
AM(§) _ dMn(§) M) _ d¥n(§) 2-n n Coefficient of: prwkt =0.
& D@ & D) Ve ANy + B ),
which leads to Coefficient of: #— @+ pro(2ht +4%) =0.
aMm(§) AMin-1(§) : . 3Ak, =0.
AME A RM+OMT — AMET AR Moy +EM Coefficient of: ore
. 94942 -
Integrating with respect to € and simplifying, we get Coefficient of: 3 +2#prw =0
Solving the system yields the following values:
_ —t A HhAy M1 ()" 1-n
M () = (Iaﬂl+/L:/Zz+/zﬂ1(]v[m_1(§))1’") > (3'13)
. =0, A=+ -1 =22
where A, and A, being constants. # T bere 2hpro 4.11)
Once the solution oqu. (3.3) is known, the Béif:klupd When , from Eq. (4.11), Eq. (3.8) and Eq. (3.9),
transformation (3.13) is used to generate an infinite we get
sequence of new solutions. Consequently, an endless
sequence of solutions to Egs. (1.1)-(1.3) can also be B (,, ) 07 (pO+ayO+rzd—ot? (ewo-Le)
constructed. Hia(oynt) =2 7 tan \]%( 9 +(3) ¢ ’
4. Application of the R-B S-ODE to FSWBBM and

equations
Consider the wave transform

Hy2,0 = MEEVOY), ¢ = (2?4 qy? + 120 — wt?)fo, (4.1)

where H is a real function. Utilizing the CFD, the
travelling wave transformation, and properties of SWP,
we obtain

0y 1
D% = (~add + 230 dw(D)) VO, “2)
DWH =p M'e(EgW(t)‘%ﬁ'zt), DI = @M'e(fw(‘)‘%ﬂzt), DK = e (O3 (43)
20 2§ O3 g0 (wor—e*t) g (Bwo-3e)
DiyH = p*M DiyH = pgMel D H = prMelz 4.4)
2 0. 1
DI = (—pPod" +LEM AW (D)) O30 p30 30 = (-pavrc +

298 3 qw(t)) EVO-3%) 3o gr (~prom™ + 228" aw (o)) PO (45

4.1 Solutions for the first FSWBBM equation
Inserting Eqs. (4.1)-(4.5) into (1.1) and simplify, we
obtain

Taking expectation on both sides of Eq. (4.6) result in

(p - )M +gM>M' + proM"™ =0. 4.7)
Integrating Eq. (4.7) we get
(» - )M+ §M3 +proM” =0. (4.8)

Substituting Eq. (3.4) into (4.8) and simplify, we get

(p - w)M + gw + pro(Ah(3 —n)M¥ " + A2 (2 — n)M32 4 nf2 M2 4 pb(n +

DM" + (AL + £2)M) = 0. 4.9)
Setn = 0:
(p-w)M+ §M3 + proGARM? + 2A2M3 + k€ + (248 + £)M) = 0. (4.10)

By Collecting the like powers of M7 for j=0,123,., and

42

D) w-—p (pxP+qy’+rz’-owt? Cwe)-Lo2t
7'[1,2(X.y121t)—i TCOt( %(T"'C) ( " )

where C is constant.

When % <0, we get

_ 3(cu p (;7:5’5+cw‘9+fr'z{’—¢ut19
Hiz(ny,2,t) = tanh( /Zﬁrw — +

and

_ 3(m ) (;7x‘9+qy‘9+frz"—mt'7
H,(y2t) =+ coth( o S e

where C is constant.

g

e)>e<swm—1w)

When n#1,£=+¢=0, we obtain

-1
9 9 Y_ 0 0. 14
_ 4 (pP+qy°+rz®-wt pe)-Lo2t
.7'[1,5(3(,3/, 7,t) = i( _6;14'(0 (—19 +C)> e(z n )’

where C is constant.

Appling the transformation (3.13) to the above
solutions yields the following new solutions to Eq. (1.1),

— . — D 4oy 4579 — ot
3((‘; ﬂ)iﬂ 3(;11% ) tan< zu;wf’ (;vx +3Y ;42 wt' +C)> . .,
e(EW(t)'Z" t)’
3(-w) w—p (px+qyY+rz9-wt? )
At 2 tan( e (—‘9 +C

— — — D 4 qy?d 0 _ot?
3(w: ﬁ)iﬂ 3(p-w) cot| 2=z (2 +qyY+rz —wt +e
q 4 2prw 9
3(;: ©) w—p (px+qy? +rz9-wt?
At ot( e (—‘9 +C

H(nyz,t) =

)) (E’w(t)——g t)

Hi(xy,2,t) =
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3w=p), 4 [fle=p) 70 (9 +rayP+ra® ot
4 A 4 tanh( me( 3 +C (gwm—l zt)
e\2 s N

Hiz(xy,zt) = FYSTITI
A+ 3(w-p) tanh( p-w (791( +qy?Y+rzV-wt’ +C>)
4 2prw 9
— — - 9 9 D _ot?
3w, g w=p) o [2=0 (20+ayPerad-at®
. 4 4 2pro 9 (EW(t)—lgzt)
.7'[1’4(36,)/, 7,t) = PRI e\2 )
At S(w—p)mth( ) (;rx +3y?+rzV - ot! +e))
N J2pre E]
-1
MM( _L<M ))
q = 6prw! 9 0 14
— SW(-;e%t
His(xy,zt) = = e(z 4 ),

1
9 o) I _td
ﬂi( _L(ww))
6pra 9

where A and C are constants.

The above solutions, when combined with the
transformation given in Eq. (3.13), allow generation of
additional solutions and so on.

The solutions of Eq. (1.2) can be derived by applying
the same methodology outlined above. Accordingly, we
obtain

- — 94 gy? 9_td o 152 -
#, 1(x,y,z,t) =+ 3(r-w) cot -1 (yx +qyY+rzV-wt +C) e(zW(t) " t)’u >0,
’ » 2pqw 9 paw
_ 3(w-r) -0 (ﬁxﬁﬂ;yaw'z‘?—mt’g
Hyo(xy,2,t) =+ - tanh( 7 G — +

where C is constant.

C)) e(gw(t)-%gzt)’ or o,
P40

Similarly, the solutions of Eq. (1.3) are obtained as

Hzi(xy,2,t) =+ @tun(

and

w-q (yx‘?+4y‘9+4~z‘9—mt‘9

2p%w 9

+ c)) eleWOt) o o
»*w

. _1l2 _
Hyo(x,y,2,) = + C‘))e(zw(” « ‘),% <Q,

3(w- -0 (pxP+qy’+rz¥-wt?
3(w-9) coth i (L +
r 2p%w 9

where C is constant.

4.2 Boundedness of the obtained solutions

Boundedness of the solutions to Eq. (1.1)-(1.3)
is determined by the deterministic component M ().
Hyperbolic tanh-type solutions are uniformly bounded
in space and yield physically admissible localized waves.
In contrast, trigonometric solutions involving tan and
cot, as well as coth-type and rational solutions, exhibit
singularities at finite values of & and therefore remain
unbounded, except on restricted domains. Boundedness
is interpreted structurally with respect to the travelling
wave variable &, while stochastic forcing only modulates
amplitudes and does not alter the spatial structure or
eliminate existing singularities.
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5. Results and Discussion

5.1 Comparisons:

In this subsection, we compare our obtained solutions
with those derived using other methods. First, we consider
the results reported in [18] where a modified extended
tanh-function method was employed. By setting 0=0,
and rewriting the nonlinear terms in Egs. (1.1)-(1.3) as

respectively, the trigonometric
(tan, cot) and hyperbolic (tanh, coth) solutions families
coincide with those presented in [18]. On the other hand,
by employing the Bécklund transformation, our method
yields an infinite family of exact solutions.

Next, we compare our results with those presented in
[19], where solitary wave solutions were derived using
the Sardar sub-equation method. By choosing 0=0 and
¥=1, the corresponding trigonometric and hyperbolic
solutions reported in [19] are recovered as special cases
of our results. The remaining solutions obtained in this
study are not found in the literature using previously
applied techniques. This highlights the robustness and
effectiveness of the R-B S-ODE method in generating
novel exact solutions.

5.2 Influence of white noise (WN) and fractional
derivative (FD) on the solution of FSWBBM
equations:

In this subsection, the influence of WN and FD on
the solutions of Egs. (1.1)-(1.3) is analyzed. Analytical
solutions have been worked out for different noise
strengths @ and fixed fractional order ¥. The following
parameters will be fixed: C=0, y=0, z=0, A=-1, with
x, t € [-5,5]. The simulations and corresponding
visualizations are generated using the MATLAB software.

Influence of WN: Figure 1-5 illustrate the effect of
multiplicative white noise on different wave profiles. In
all cases, panels (I)-(IV) presented three-dimensional
surfaces corresponding to increasing noise strengths =0,
0.7, 1.2, 1.7, and while panel (V) displays the associated
two-dimensional profiles at a fixed time. As the noise
strength increases, the wave amplitude is progressively
increased, often leading to extreme peaks or singular
behavior. Significantly, this amplification leaves the
underlying spatial structure of each wave remains
unchanged, indicating that stochastic forcing primarily
acts as an amplitude-scaling process rather than altering
the inherent wave structure.

Figure 1. Exhibits the space-time evolution of 3" ..
The deterministic case exhibits a localized singular
structure with a sharp downward spike. Increasing noise
strength amplifies the wave magnitude, resulting in a
singular-kink structure dominated by extreme amplitudes.
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(0)) an

2.4495

H (x,t)

2.449

<10 =
& &
o 5 -
0
-5 5
55 V)
2. o
=
15F N
1 1 | 1 | 1 | | 1 1
-5 -4 -3 -2 -1 0 1 2 3 4 5
X
’ o=0 o=0.7 o=1.2 a=l.7|

Figure 1. Panels: (I)-(IV) shows 3D-shape of H{3 withp =1, g =1, r = —%, w=-1,9=025>0e=0,(I)e=0.7,

(IIl) ¢ = 1.2,and (IV) @ = 1.7 and panel (V) corresponding 2D-curves at t = 2.

Figure 2. Show the evolution of the wave profile }, ,. The solution forms a singular-kink wave whose spike height
increases progressively with noise strength.

(1))

\4
1000 T T T (I) T T T T
e |]
— = ()7
T 500( .
—_—g=1.2
—_—=1.7
0 il 1 1 L | il L 1 1
-5 -4 -3 -2 1 0 1 2 3 4 5

Figure 2. Panels: (I)-(IV) shows 3D-shape of H,, forp =1, g =1, » =01, =1, §=0.5,(I)e =0,(II) 0=0.7,(Ill) @ =

1.2,and (IV) ¢ = 1.7 and panel (V) corresponding 2D-curves att = —1.
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Figure 3. Displays the evolution of #, .. The deterministic solution corresponds to a stable kink connecting two
distinct amplitude levels. Increasing noise preserves the kink shape while amplifying the peak amplitudes.
(D

(U]
_ g S ) _— i

H(x,t)
H(x,t)

Figure 3. Panels: (I)-(IV) 3D-shape of H, 3 with p = 1, g = —g, =01 w=19=025 D =0,(I)e=0.7,Il) g =
1.2, and (IV) ¢ = 1.7 and panel (V) corresponding 2D-curves at t = —1.

Figure 4. Presents wave dynamics of H, . The solution exhibits a singular periodic structure with bright singular
spikes. Noise amplification strengthens the wave magnitude without modifying the periodic singular pattern.

U] (1D
400 1000
< <
%200 ¥, 500
e =
; S
0 0 5 0 0 5
5 -5 5 -5
t X t X
x10
= =
%) )
SN’ N’
= =
5
1000 T T T T (Y) T T T T
—o0=0
T 5001 0=0.7|
—o0=12
—o=17
0 I I | | I I I
-5 -4 -3 -2 1 1 2 3 4 5

Figure 4. Panels: (I)-(IV) 3D-shape of H3; with p =1, g =0.5, =-03, 0w =1, 9=1,(I) ¢ =0, () ¢=0.7, (Ill) ¢ =

1.2, and (IV) ¢ = 1.7 and panel (V) corresponding 2D-curves att = —1.
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Figure 5. The wave surface of H, ,. The wave displays a bright singular structure that preserves its spatial structure
under stochastic forcing, while exhibiting progressively stronger amplitude amplification and more pronounced peaks.

U

H(x,t)

H(x,t)

an

—

\%
2000 T T T T (I) T T T
1500} —0o=0 |-
—o0=0.7
= 1000+ i
o=1.2
500 o=17|]
0 1 1 1 1 | 1 1 1
-5 4 3 -2 1 1 2 3 4 5

Figure 5. Panels: (I)-(IV) shows 3D-shape of H3 4 withp =5, g =1, ¥ =—-0.3, =05, 9 =1, (I)@ =0, (I) = 0.7, (IIT)

o = 1.2,and (IV) ¢ = 1.7 and panel (V) corresponding 2D-curves att = 2.

Influence of CFD: Figures 6-10 demonstrate the
effect of varying the conformable fractional order §
on the wave solutions. Panels (I)-(IV), present three-
dimensional profiles corresponding to different values
of order 9 = 0.25,0.5,0.8, and 1, while panel (V) shows
the corresponding two-dimensional profiles. The
results indicate that the fractional order significantly
influences wave existence, shape, and stability, as well
as the occurrence or absence of singular properties. In
general, increasing § tends to stabilize the wave profiles,
leading to more regular structures and weaker singular
characteristic.
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Figure 6. Illustrates the wave profiles of H", . The
lower fractional orders produce singular bright solitary-
wave like structures, whereas higher values of U yield
smoother bright soliton-like profiles.
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X4 Z4
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;) -2 2
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)¢ t
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X4
=
2 2
0 g 0
X t

6 T T
T4t -
2 1 1
-2 -1.5 1.5 B
X
|[—a=025 a=05 ——a=08 a=1|

Figure 6. Panels: (I)-(IV) shows 3D-shape of Hy3 withp =1, g =1, r = —%, w=-1,0=0andAd=-1.(DY =0.25,

(I Y9 = 0.5, (1) 9 = 0.8, (IV) 9 = 1 and panel (V) corresponding 2D-curves at t = 0.

Figure 7. Shows the evolution of singular structures under varying 8. The solution transitions from localized singular
spike waves to singular solitary waves with kink-like skewness.

@ an

Figure 7. Panels: (I)-(IV) shows 3D-shape of H,, withp =1, g =1, » =01, w =1, ¢ =0,(I)9¥ =0.25,(II) ¥ = 0.5,

(1) 9 = 0.8, (IV) 9 = 1 and panel (V) corresponding 2D-curves att = —1.
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Figure 8. Presents the wave dynamics of }, .. At low U, the solution exhibits a pronounced singular dark soliton,
which evolves into a smooth dark soliton-like structure as  increases.

I (I’
2 2
=9 =y

2
-
21
"9 )
B 0 0
2D
X t

a=0.25
—_—a=0.5
—a=0.38

—a=1

Figure 8. Panels: (I)-(IV) shows 3D-shape of H, 5 withp =1, g = —i, =01 w=1 0 =0 DY =025 )9 =0.5,

(1) 9 = 0.8, (IV) 9 = 1 and panel (V) corresponding 2D-curves at t = —1.

Figure 9. Depicts the wave profiles of 7 | for different fractional orders. Singular solitary-wave structures dominate
at lower 4, while higher values lead to a singular kink-type form.
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Figure 9. Panels: (I)-(IV) shows 3D-shape of H3; withp =1, 4 =05, »=-03, w=1, ¢ =0, )9 =0.25,(I) I =

0.5, (IlH ¥ = 0.8, (IV) ¥ = 1 and panel (V) corresponding 2D-curves att = 2.
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Figure 10. Panels: (I)-(IV) shows 3D-shape of H3 4 withp =5, g =1, » = =03, 0 = 0.5, ¢ =0, ()9 =0.25,(1)¥ = 0.5,

(1II) ¥ = 0.8, (IV) ¥ = 1 and panel (V) corresponding 2D-curves att = 5.

Figure 10. displays singular wave patterns for varying . The solution exhibits a transition from single singular kinks
to strong multi-singular spike structures, with spatial locations remaining fixed and amplitudes varying progressively.
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Figure 10. Panels: (I)-(IV) shows 3D-shape of H3 4 withp =5, g =1, » = -0.3, © = 0.5, ¢ =0, (I)¥ = 0.25,(I)9 = 0.5,

(1) ¥ = 0.8, (IV) 9 = 1 and panel (V) corresponding 2D-curves at t = 5.
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6. Conclusions

In this paper, the influence of WN and fractional order
on the solutions of the FSWBBM equations have been
investigated. A variety of travelling waves solutions for
the FSWBBM equations were obtained using R-B S-ODE
method. These solutions include bright, periodic bright,
a combination of bright and dark singular periodic, and
singular dark waves. 2D and 3D plots of these solutions
are presented to illustrate the physical behavior. Based on
the findings, the R-B S-ODE method possesses several
advantages: it is simple, computationally efficient, and
capable of yielding an infinite sequence of exact solutions.
As such, it proves to be a robust scheme for resolving
FSWBBM equations. Future research will extend the
outcomes of this investigation to explore exact solutions
of complex FSPDEs models arising in mathematics and
physics.
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