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Abstract
This study examines a group of fractional stochastic Wazwaz-Benjamin-Bona-Mahony (FSWBBM) Equations, which incorporate both 
fractional and stochastic perturbations. The Wazwaz-Benjamin-Bona-Mahony (WBBM) Equations are widely adopted to describe the 
nonlinear behaviors of waves in dispersive media. The main objective in this study is to develop exact travelling wave solutions through 
an advanced analytical technique. In this framework, the Riccati-Bernoulli sub-ODE (R-B S-ODE) method is applied, replacing the 
classical derivatives with a conformable fractional derivative of order ϑ∈(0,1]. At the same time, the family is subjected to Gaussian 
white noise. Employing a travelling wave transformation reduces the FSWBBM equations to nonlinear fractional stochastic ordinary 
differential equations. The R-B S-ODE approach is then used to obtain closed-form analytical solutions. This method generates 
various families of explicit solutions, including hyperbolic, trigonometric, and rational functions, depending on the fractional order 
and stochastic strength ϱ . The physical characteristics of the resulting waveforms are illustrated through two-dimensional and three-
dimensional plots produced with MATLAB software. The findings confirm that the R-B S-ODE method provides a robust analytical 
tool for solving higher-dimensional fractional stochastic equations.
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1.	 Introduction
Fractional partial differential equations (FPDEs) are 

utilized to model complicated phenomena across diverse 
areas, like viscoelastic media [1], control systems and 
signal processing [2], and biological systems [3], among 
others. Fractional derivatives, enabling the modeling 
of systems with non-integer order. They are widely 
applied in viscoelasticity, physics, and biology, and can 
be expressed in various forms, including the Grünwald-
Letnikov, Hadamard, Riesz, Riemann-Liouville, Caputo 
and Conformable derivatives [4, 8].

Fractional stochastic partial differential equations 
(FSPDEs) are an advanced class of mathematical models 
that combine fractional calculus with stochastic processes 
to capture system exhibiting anomalous diffusion, non-
integer order, and intrinsic randomness. These models 
generalize classical partial differential equations by 
incorporating derivatives of non-integer order, which 
enable more accurate modeling of complex behaviors 
found in physics, finance, and biology [9-11].

This work focuses on a family of FSWBBM equations 
formulated within the framework of stochastic calculus. 
The governing equations incorporate both conformable 
fractional derivative (CFD) and Gaussian white noise, 
driven by a standard Wiener process. The family under 
study includes nonlinear interactions and higher-order 
mixed spatial-temporal derivatives, making it analytically 
rich and challenging. Our objective in this study is to 
develop exact solutions to FSWBBM equations using 
R-B S-ODE technique.

Consider the following set of equations:

3 
 

𝔇𝔇𝑡𝑡
𝜗𝜗ℋ + 𝔇𝔇𝑥𝑥

𝜗𝜗ℋ +ℋ2𝔇𝔇𝑦𝑦
𝜗𝜗ℋ − 𝔇𝔇𝑥𝑥𝑥𝑥𝑥𝑥

3𝜗𝜗 ℋ = 𝜚𝜚
2 (ℋ −𝔇𝔇𝑥𝑥𝑥𝑥

2𝜗𝜗ℋ)𝑑𝑑𝑑𝑑(𝑡𝑡),                                                            (1.1) 

𝔇𝔇𝑡𝑡
𝜗𝜗ℋ + 𝔇𝔇𝑧𝑧

𝜗𝜗ℋ +ℋ2𝔇𝔇𝑥𝑥
𝜗𝜗ℋ − 𝔇𝔇𝑥𝑥𝑥𝑥𝑥𝑥

3𝜗𝜗 ℋ = 𝜚𝜚
2 (ℋ − 𝔇𝔇𝑥𝑥𝑥𝑥

2𝜗𝜗ℋ)𝑑𝑑𝑑𝑑(𝑡𝑡),                                                            (1.2) 

𝔇𝔇𝑡𝑡
𝜗𝜗ℋ + 𝔇𝔇𝑦𝑦

𝜗𝜗ℋ +ℋ2𝔇𝔇𝑧𝑧
𝜗𝜗ℋ − 𝔇𝔇𝑥𝑥𝑥𝑥𝑥𝑥

3𝜗𝜗 ℋ = 𝜚𝜚
2 (ℋ −𝔇𝔇𝑥𝑥𝑥𝑥

2𝜗𝜗ℋ)𝑑𝑑𝑑𝑑(𝑡𝑡),                                                            (1.3) 

Here, ℋis a function of the spatial variables 𝑥𝑥, 𝑦𝑦, 𝑧𝑧 and time 𝑡𝑡. The operators 𝔇𝔇𝑥𝑥
𝜗𝜗,𝔇𝔇𝑦𝑦

𝜗𝜗,𝔇𝔇𝑧𝑧
𝜗𝜗 and 𝔇𝔇𝑡𝑡

𝜗𝜗 

denote the first-order CFD of order 𝜗𝜗 with respect to spatial variables and time, respectively. The 

second-order mixed derivative is defined as 𝔇𝔇𝑥𝑥𝑥𝑥
2𝜗𝜗ℋ = 𝔇𝔇𝑥𝑥

𝜗𝜗(𝔇𝔇𝑧𝑧
𝜗𝜗ℋ), while the third-order mixed 

derivative is given by 𝔇𝔇𝑥𝑥𝑥𝑥𝑥𝑥
3𝜗𝜗 ℋ = 𝔇𝔇𝑥𝑥

𝜗𝜗(𝔇𝔇𝑦𝑦
𝜗𝜗(𝔇𝔇𝑡𝑡

𝜗𝜗ℋ). 

Here 𝒲𝒲(𝑡𝑡) is a standard Wiener process (SWP), and 𝜚𝜚 is noise strength. The SWP satisfies the 

following conditions [12]   

▪ 𝒲𝒲(0) = 0. 

▪ 𝒲𝒲(𝑡𝑡) is continuous. 

▪ 𝒲𝒲(𝑡𝑡) has independent increments. 

▪ 𝒲𝒲(𝑡𝑡) −𝒲𝒲(𝜏𝜏)~𝑁𝑁(0, 𝑡𝑡 − 𝜏𝜏) for 0 ≤ 𝜏𝜏 ≤ 𝑡𝑡, here, 𝑁𝑁(0, 𝑡𝑡 − 𝜏𝜏) represents a normal distribution.  

Consequently, the expectation satisfies 𝐸𝐸[𝑒𝑒𝜚𝜚𝒲𝒲(𝑡𝑡)] = 𝑒𝑒(
𝜚𝜚2
2 𝑡𝑡). 

In addition to these properties, it is important to emphasize that a SWP, being a Gaussian stochastic 

process, can be expressed as a linear combination of independent normally distributed random 

variables [12, 38, 39]. 

R-B S-ODE method is recognized as a powerful and efficient analytical method for deriving exact 

solutions of various NLPDEs [13]. A notable characteristic of this approach is its ability to derive 

an infinite set of solutions through the application of a Bäcklund transformation. The method has 

been applied to numerous nonlinear models arising in diverse areas such as fluid mechanics, 

, (1.1)

, (1.2)

, (1.3)

Here ℋ, is a function of the spatial variables x, y, z 
and time t . The operators 
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solutions of various NLPDEs [13]. A notable characteristic of this approach is its ability to derive 
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been applied to numerous nonlinear models arising in diverse areas such as fluid mechanics, 
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The article is structured as follows: Section2, 
introduces the CFD. Section 3 outlines the steps of the 
method. Section 4 presents exact solutions of the family 
of FSWBBM equations. Section 5 provides a discussion. 
Finally, Section 6 summarize the conclusion drawn from 
the study.

2.	 Foundation
This section presents the CFD and summarize its 

fundamental characteristics.

Definition [8]. Let ℳ(𝓉) be real-valued function 
defined on [0,∞). The CFD of order ϑ∈(0,1] for ℳ is 
defined as
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𝜗𝜗ℳ[𝒩𝒩(𝓉𝓉)] = 𝓉𝓉1−𝜗𝜗𝒩𝒩′(𝓉𝓉)ℳ′[𝒩𝒩(𝓉𝓉)], 

where 𝒷𝒷 and 𝒹𝒹 are constants. 

The conformable fractional derivative is adopted in this work because, in contrast to the Caputo 

and Riemann–Liouville derivatives, it preserves many structural properties of the classical 

derivative, the detailed discussion and comparative remarks can be found in [8, 40, 41]. Moreover, 

the CFD admits a clear physical and geometrical interpretation as discussed in [42]. The motivation 
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ℳ = 𝒞𝒞𝑒𝑒(𝒽𝒽+𝓀𝓀+ℓ)𝜉𝜉.                                                                                                                                                              (3.5) 

Set-2. For 𝑛𝑛 ≠ 1 and 𝓀𝓀 = ℓ = 0, 

ℳ =  √𝒽𝒽(𝑛𝑛 − 1)(𝜉𝜉 + 𝒞𝒞)𝑛𝑛−1 .                                                                                                                                     (3.6) 

Set-3. For 𝑛𝑛 ≠ 1, 𝓀𝓀 ≠ 0 and ℓ = 0, 

 and n are to be identified. 
The higher derivatives of Eq. (3.3) gives

The following set are solutions of Eq. (3.3)

Set-1. For n=1,
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underling the main advantages and key limitations of CFD is discussed in detail, and the reader is 

referred to the relevant literature; see for example references [8, 41].  

 

3. Description of the R-B S-ODE method [13] 

Consider the following space-time FPDE: 

𝐺𝐺(ℳ, 𝔇𝔇𝑡𝑡
𝜗𝜗ℳ, 𝔇𝔇𝑥𝑥

𝜗𝜗ℳ, 𝔇𝔇𝑦𝑦
𝜗𝜗ℳ, 𝔇𝔇𝑧𝑧

𝜗𝜗ℳ, 𝔇𝔇𝑡𝑡
2𝜗𝜗ℳ, 𝔇𝔇𝑡𝑡𝑡𝑡

2𝜗𝜗ℳ, … ) = 0,          0 < 𝜗𝜗 ≤ 1,                                 (3.1) 

where 𝐺𝐺 represents a polynomial in ℳ(𝑥𝑥, 𝑦𝑦, 𝑧𝑧, 𝑡𝑡) and its associated derivatives. The R-B S-ODE 

method is carried out through the following steps. 

(1) Using the transformation ℳ(𝑥𝑥, 𝑦𝑦, 𝑧𝑧, 𝑡𝑡) = ℳ(𝜉𝜉), with 𝜉𝜉 = (𝓅𝓅𝑥𝑥𝜗𝜗 + 𝓆𝓆𝑦𝑦𝜗𝜗 + 𝓇𝓇𝑧𝑧𝜗𝜗 − 𝜔𝜔𝑡𝑡𝜗𝜗)/𝜗𝜗, 

where 𝓅𝓅, 𝓆𝓆, 𝓇𝓇 and 𝜔𝜔 are constants. Eq. (3.1) transformed to an ODE: 

𝑄𝑄(ℳ, ℳ′, ℳ′′, . . . ) = 0,                                                                                                                                           (3.2)    

where ℳ′ = 𝑑𝑑ℳ
𝑑𝑑𝑑𝑑 . 

(2) Assume that Eq. (3.2) has similar solution as R-B equation 

ℳ′ = 𝒽𝒽𝒽𝒽2−𝑛𝑛 + 𝓀𝓀ℳ + ℓℳ𝑛𝑛,                                                                                                                                   (3.3) 

where the constants 𝒽𝒽, 𝓀𝓀, ℓ, and n are to be identified. The higher derivatives of Eq. (3.3) gives 

ℳ′′ = 𝒽𝒽𝒽𝒽(3 − 𝑛𝑛)𝑀𝑀2−𝑛𝑛 + 𝒽𝒽2(2 − 𝑛𝑛)ℳ3−2𝑛𝑛 + 𝑛𝑛ℓ2ℳ2𝑛𝑛−1 + 𝓀𝓀ℓ(𝑛𝑛 + 1)ℳ𝑛𝑛 + (2𝒽𝒽ℓ + 𝓀𝓀2)ℳ

ℳ′′′ = [𝒽𝒽𝒽𝒽(3 − 𝑛𝑛)(2 − 𝑛𝑛)𝑀𝑀1−𝑛𝑛 + 𝒽𝒽2(2 − 𝑛𝑛)(3 − 2𝑛𝑛)ℳ2−2𝑛𝑛 + 𝑛𝑛ℓ2(2𝑛𝑛 − 1)ℳ2𝑛𝑛−2      
                                 +𝓀𝓀ℓ𝑛𝑛(𝑛𝑛 + 1)ℳ𝑛𝑛−1 + (2𝒽𝒽ℓ + 𝓀𝓀2) ] ℳ′} . (3.4) 

The following set are solutions of Eq. (3.3) 

Set-1. For 𝑛𝑛 = 1, 

ℳ = 𝒞𝒞𝑒𝑒(𝒽𝒽+𝓀𝓀+ℓ)𝜉𝜉.                                                                                                                                                              (3.5) 

Set-2. For 𝑛𝑛 ≠ 1 and 𝓀𝓀 = ℓ = 0, 

ℳ =  √𝒽𝒽(𝑛𝑛 − 1)(𝜉𝜉 + 𝒞𝒞)𝑛𝑛−1 .                                                                                                                                     (3.6) 

Set-3. For 𝑛𝑛 ≠ 1, 𝓀𝓀 ≠ 0 and ℓ = 0, 
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ℳ = √𝒞𝒞𝑒𝑒𝓀𝓀(𝑛𝑛−1)𝜉𝜉 − 𝒽𝒽
𝓀𝓀

𝑛𝑛−1 .                                                                                                     (3.7) 

Set-4. For 𝑛𝑛 ≠ 1, 𝒽𝒽 ≠ 0, and 𝓀𝓀2 − 4𝒽𝒽ℓ < 0 

ℳ = (− 𝓀𝓀
2𝒽𝒽 +

√4𝒽𝒽ℓ−𝓀𝓀2
2𝒽𝒽 𝑡𝑡𝑡𝑡𝑡𝑡 ((1−𝑛𝑛)√4𝒽𝒽ℓ−𝓀𝓀

2

2 (𝜉𝜉 + 𝒞𝒞)))
1

1−𝑛𝑛
,                                                                            (3.8) 

and  

ℳ = (− 𝓀𝓀
2𝒽𝒽 −

√4𝒽𝒽ℓ−𝓀𝓀2
2𝒽𝒽 𝑐𝑐𝑐𝑐𝑐𝑐 ((1−𝑛𝑛)√4𝒽𝒽ℓ−𝓀𝓀

2

2 (𝜉𝜉 + 𝒞𝒞)))
1

1−𝑛𝑛
.                                                                             (3.9) 

Set-5. For 𝑛𝑛 ≠ 1, 𝒽𝒽 ≠ 0, and 𝓀𝓀2 − 4𝒽𝒽ℓ > 0 

ℳ = (− 𝓀𝓀
2𝒽𝒽 −

√𝓀𝓀2−4𝒽𝒽ℓ
2𝒽𝒽 𝑡𝑡𝑡𝑡𝑡𝑡ℎ ((1−𝑛𝑛)√𝓀𝓀

2−4𝒽𝒽ℓ
2 (𝜉𝜉 + 𝒞𝒞)))

1
1−𝑛𝑛

,                                                                      (3.10) 

and  

ℳ = (− 𝓀𝓀
2𝒽𝒽 −

√𝓀𝓀2−4𝒽𝒽ℓ
2𝒽𝒽 𝑐𝑐𝑐𝑐𝑐𝑐ℎ ((1−𝑛𝑛)√𝓀𝓀

2−4𝒽𝒽ℓ
2 (𝜉𝜉 + 𝒞𝒞)))

1
1−𝑛𝑛

.                                                                       (3.11) 

Set-6. For 𝑛𝑛 ≠ 1, 𝒽𝒽 ≠ 0, and 𝓀𝓀2 − 4𝒽𝒽ℓ = 0 

ℳ = √( 1
𝒽𝒽(𝑛𝑛−1)(𝜉𝜉+𝒞𝒞) −

𝓀𝓀
2𝒽𝒽)

1−𝑛𝑛 ,                                                                                                                                (3.12)  

where 𝒞𝒞 is constant. 

(3) Placing Eqs. (3.3) and (3.4) into Eq. (3.2) results in an algebraic equation in term of ℳ, whose 

solution yields 𝒽𝒽, 𝓀𝓀 and ℓ, these are then substituted into Eqs. (3.5)-(3.12) to provides the 

travelling wave solutions for Eqs. (1.1)-(1.3). 

Let ℳ𝑚𝑚−1(𝜉𝜉) and ℳ𝑚𝑚(𝜉𝜉) = ℳ𝑚𝑚(ℳ𝑚𝑚−1(𝜉𝜉)) be solutions of Eq. (3.3). Then, we have the 

following relation 

𝑑𝑑ℳ𝑚𝑚(𝜉𝜉)
𝑑𝑑𝜉𝜉 = 𝑑𝑑ℳ𝑚𝑚(𝜉𝜉)

𝑑𝑑ℳ𝑚𝑚−1(𝜉𝜉)
𝑑𝑑ℳ𝑚𝑚−1(𝜉𝜉)

𝑑𝑑𝜉𝜉 = 𝑑𝑑ℳ𝑚𝑚(𝜉𝜉)
𝑑𝑑ℳ𝑚𝑚−1(𝜉𝜉)

(𝒽𝒽ℳ𝑚𝑚−1
2−𝑛𝑛 + 𝓀𝓀ℳ𝑚𝑚−1 + ℓℳ𝑚𝑚−1

𝑛𝑛 ), which leads to 

(3) Placing Eqs. (3.3) and (3.4) into Eq. (3.2) results 
in an algebraic equation in term of ℳ , whose solution 
yields 
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ℳ = √𝒞𝒞𝑒𝑒𝓀𝓀(𝑛𝑛−1)𝜉𝜉 − 𝒽𝒽
𝓀𝓀

𝑛𝑛−1 .                                                                                                     (3.7) 

Set-4. For 𝑛𝑛 ≠ 1, 𝒽𝒽 ≠ 0, and 𝓀𝓀2 − 4𝒽𝒽ℓ < 0 

ℳ = (− 𝓀𝓀
2𝒽𝒽 +

√4𝒽𝒽ℓ−𝓀𝓀2
2𝒽𝒽 𝑡𝑡𝑡𝑡𝑡𝑡 ((1−𝑛𝑛)√4𝒽𝒽ℓ−𝓀𝓀

2

2 (𝜉𝜉 + 𝒞𝒞)))
1

1−𝑛𝑛
,                                                                            (3.8) 

and  

ℳ = (− 𝓀𝓀
2𝒽𝒽 −

√4𝒽𝒽ℓ−𝓀𝓀2
2𝒽𝒽 𝑐𝑐𝑐𝑐𝑐𝑐 ((1−𝑛𝑛)√4𝒽𝒽ℓ−𝓀𝓀

2

2 (𝜉𝜉 + 𝒞𝒞)))
1

1−𝑛𝑛
.                                                                             (3.9) 

Set-5. For 𝑛𝑛 ≠ 1, 𝒽𝒽 ≠ 0, and 𝓀𝓀2 − 4𝒽𝒽ℓ > 0 

ℳ = (− 𝓀𝓀
2𝒽𝒽 −

√𝓀𝓀2−4𝒽𝒽ℓ
2𝒽𝒽 𝑡𝑡𝑡𝑡𝑡𝑡ℎ ((1−𝑛𝑛)√𝓀𝓀

2−4𝒽𝒽ℓ
2 (𝜉𝜉 + 𝒞𝒞)))

1
1−𝑛𝑛

,                                                                      (3.10) 

and  

ℳ = (− 𝓀𝓀
2𝒽𝒽 −

√𝓀𝓀2−4𝒽𝒽ℓ
2𝒽𝒽 𝑐𝑐𝑐𝑐𝑐𝑐ℎ ((1−𝑛𝑛)√𝓀𝓀

2−4𝒽𝒽ℓ
2 (𝜉𝜉 + 𝒞𝒞)))

1
1−𝑛𝑛

.                                                                       (3.11) 

Set-6. For 𝑛𝑛 ≠ 1, 𝒽𝒽 ≠ 0, and 𝓀𝓀2 − 4𝒽𝒽ℓ = 0 

ℳ = √( 1
𝒽𝒽(𝑛𝑛−1)(𝜉𝜉+𝒞𝒞) −

𝓀𝓀
2𝒽𝒽)

1−𝑛𝑛 ,                                                                                                                                (3.12)  

where 𝒞𝒞 is constant. 

(3) Placing Eqs. (3.3) and (3.4) into Eq. (3.2) results in an algebraic equation in term of ℳ, whose 

solution yields 𝒽𝒽, 𝓀𝓀 and ℓ, these are then substituted into Eqs. (3.5)-(3.12) to provides the 

travelling wave solutions for Eqs. (1.1)-(1.3). 

Let ℳ𝑚𝑚−1(𝜉𝜉) and ℳ𝑚𝑚(𝜉𝜉) = ℳ𝑚𝑚(ℳ𝑚𝑚−1(𝜉𝜉)) be solutions of Eq. (3.3). Then, we have the 

following relation 

𝑑𝑑ℳ𝑚𝑚(𝜉𝜉)
𝑑𝑑𝜉𝜉 = 𝑑𝑑ℳ𝑚𝑚(𝜉𝜉)

𝑑𝑑ℳ𝑚𝑚−1(𝜉𝜉)
𝑑𝑑ℳ𝑚𝑚−1(𝜉𝜉)

𝑑𝑑𝜉𝜉 = 𝑑𝑑ℳ𝑚𝑚(𝜉𝜉)
𝑑𝑑ℳ𝑚𝑚−1(𝜉𝜉)

(𝒽𝒽ℳ𝑚𝑚−1
2−𝑛𝑛 + 𝓀𝓀ℳ𝑚𝑚−1 + ℓℳ𝑚𝑚−1

𝑛𝑛 ), which leads to 

 these are then substituted into Eqs. 
(3.5)-(3.12) to provides the travelling wave solutions for 
Eqs. (1.1)-(1.3).

Let 
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ℳ = √𝒞𝒞𝑒𝑒𝓀𝓀(𝑛𝑛−1)𝜉𝜉 − 𝒽𝒽
𝓀𝓀

𝑛𝑛−1 .                                                                                                     (3.7) 

Set-4. For 𝑛𝑛 ≠ 1, 𝒽𝒽 ≠ 0, and 𝓀𝓀2 − 4𝒽𝒽ℓ < 0 

ℳ = (− 𝓀𝓀
2𝒽𝒽 +

√4𝒽𝒽ℓ−𝓀𝓀2
2𝒽𝒽 𝑡𝑡𝑡𝑡𝑡𝑡 ((1−𝑛𝑛)√4𝒽𝒽ℓ−𝓀𝓀

2

2 (𝜉𝜉 + 𝒞𝒞)))
1

1−𝑛𝑛
,                                                                            (3.8) 

and  

ℳ = (− 𝓀𝓀
2𝒽𝒽 −

√4𝒽𝒽ℓ−𝓀𝓀2
2𝒽𝒽 𝑐𝑐𝑐𝑐𝑐𝑐 ((1−𝑛𝑛)√4𝒽𝒽ℓ−𝓀𝓀

2

2 (𝜉𝜉 + 𝒞𝒞)))
1

1−𝑛𝑛
.                                                                             (3.9) 

Set-5. For 𝑛𝑛 ≠ 1, 𝒽𝒽 ≠ 0, and 𝓀𝓀2 − 4𝒽𝒽ℓ > 0 

ℳ = (− 𝓀𝓀
2𝒽𝒽 −

√𝓀𝓀2−4𝒽𝒽ℓ
2𝒽𝒽 𝑡𝑡𝑡𝑡𝑡𝑡ℎ ((1−𝑛𝑛)√𝓀𝓀

2−4𝒽𝒽ℓ
2 (𝜉𝜉 + 𝒞𝒞)))

1
1−𝑛𝑛

,                                                                      (3.10) 

and  

ℳ = (− 𝓀𝓀
2𝒽𝒽 −

√𝓀𝓀2−4𝒽𝒽ℓ
2𝒽𝒽 𝑐𝑐𝑐𝑐𝑐𝑐ℎ ((1−𝑛𝑛)√𝓀𝓀

2−4𝒽𝒽ℓ
2 (𝜉𝜉 + 𝒞𝒞)))

1
1−𝑛𝑛

.                                                                       (3.11) 

Set-6. For 𝑛𝑛 ≠ 1, 𝒽𝒽 ≠ 0, and 𝓀𝓀2 − 4𝒽𝒽ℓ = 0 

ℳ = √( 1
𝒽𝒽(𝑛𝑛−1)(𝜉𝜉+𝒞𝒞) −

𝓀𝓀
2𝒽𝒽)

1−𝑛𝑛 ,                                                                                                                                (3.12)  

where 𝒞𝒞 is constant. 

(3) Placing Eqs. (3.3) and (3.4) into Eq. (3.2) results in an algebraic equation in term of ℳ, whose 

solution yields 𝒽𝒽, 𝓀𝓀 and ℓ, these are then substituted into Eqs. (3.5)-(3.12) to provides the 

travelling wave solutions for Eqs. (1.1)-(1.3). 

Let ℳ𝑚𝑚−1(𝜉𝜉) and ℳ𝑚𝑚(𝜉𝜉) = ℳ𝑚𝑚(ℳ𝑚𝑚−1(𝜉𝜉)) be solutions of Eq. (3.3). Then, we have the 

following relation 

𝑑𝑑ℳ𝑚𝑚(𝜉𝜉)
𝑑𝑑𝜉𝜉 = 𝑑𝑑ℳ𝑚𝑚(𝜉𝜉)

𝑑𝑑ℳ𝑚𝑚−1(𝜉𝜉)
𝑑𝑑ℳ𝑚𝑚−1(𝜉𝜉)

𝑑𝑑𝜉𝜉 = 𝑑𝑑ℳ𝑚𝑚(𝜉𝜉)
𝑑𝑑ℳ𝑚𝑚−1(𝜉𝜉)

(𝒽𝒽ℳ𝑚𝑚−1
2−𝑛𝑛 + 𝓀𝓀ℳ𝑚𝑚−1 + ℓℳ𝑚𝑚−1

𝑛𝑛 ), which leads to 

 and  be solutions 
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of Eq. (3.3). Then, we have the following relation
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ℳ = √𝒞𝒞𝑒𝑒𝓀𝓀(𝑛𝑛−1)𝜉𝜉 − 𝒽𝒽
𝓀𝓀

𝑛𝑛−1 .                                                                                                     (3.7) 

Set-4. For 𝑛𝑛 ≠ 1, 𝒽𝒽 ≠ 0, and 𝓀𝓀2 − 4𝒽𝒽ℓ < 0 

ℳ = (− 𝓀𝓀
2𝒽𝒽 +

√4𝒽𝒽ℓ−𝓀𝓀2
2𝒽𝒽 𝑡𝑡𝑡𝑡𝑡𝑡 ((1−𝑛𝑛)√4𝒽𝒽ℓ−𝓀𝓀

2

2 (𝜉𝜉 + 𝒞𝒞)))
1

1−𝑛𝑛
,                                                                            (3.8) 

and  

ℳ = (− 𝓀𝓀
2𝒽𝒽 −

√4𝒽𝒽ℓ−𝓀𝓀2
2𝒽𝒽 𝑐𝑐𝑐𝑐𝑐𝑐 ((1−𝑛𝑛)√4𝒽𝒽ℓ−𝓀𝓀

2

2 (𝜉𝜉 + 𝒞𝒞)))
1

1−𝑛𝑛
.                                                                             (3.9) 

Set-5. For 𝑛𝑛 ≠ 1, 𝒽𝒽 ≠ 0, and 𝓀𝓀2 − 4𝒽𝒽ℓ > 0 

ℳ = (− 𝓀𝓀
2𝒽𝒽 −

√𝓀𝓀2−4𝒽𝒽ℓ
2𝒽𝒽 𝑡𝑡𝑡𝑡𝑡𝑡ℎ ((1−𝑛𝑛)√𝓀𝓀

2−4𝒽𝒽ℓ
2 (𝜉𝜉 + 𝒞𝒞)))

1
1−𝑛𝑛

,                                                                      (3.10) 

and  

ℳ = (− 𝓀𝓀
2𝒽𝒽 −

√𝓀𝓀2−4𝒽𝒽ℓ
2𝒽𝒽 𝑐𝑐𝑐𝑐𝑐𝑐ℎ ((1−𝑛𝑛)√𝓀𝓀

2−4𝒽𝒽ℓ
2 (𝜉𝜉 + 𝒞𝒞)))

1
1−𝑛𝑛

.                                                                       (3.11) 

Set-6. For 𝑛𝑛 ≠ 1, 𝒽𝒽 ≠ 0, and 𝓀𝓀2 − 4𝒽𝒽ℓ = 0 

ℳ = √( 1
𝒽𝒽(𝑛𝑛−1)(𝜉𝜉+𝒞𝒞) −

𝓀𝓀
2𝒽𝒽)

1−𝑛𝑛 ,                                                                                                                                (3.12)  

where 𝒞𝒞 is constant. 

(3) Placing Eqs. (3.3) and (3.4) into Eq. (3.2) results in an algebraic equation in term of ℳ, whose 

solution yields 𝒽𝒽, 𝓀𝓀 and ℓ, these are then substituted into Eqs. (3.5)-(3.12) to provides the 

travelling wave solutions for Eqs. (1.1)-(1.3). 

Let ℳ𝑚𝑚−1(𝜉𝜉) and ℳ𝑚𝑚(𝜉𝜉) = ℳ𝑚𝑚(ℳ𝑚𝑚−1(𝜉𝜉)) be solutions of Eq. (3.3). Then, we have the 

following relation 

𝑑𝑑ℳ𝑚𝑚(𝜉𝜉)
𝑑𝑑𝜉𝜉 = 𝑑𝑑ℳ𝑚𝑚(𝜉𝜉)

𝑑𝑑ℳ𝑚𝑚−1(𝜉𝜉)
𝑑𝑑ℳ𝑚𝑚−1(𝜉𝜉)

𝑑𝑑𝜉𝜉 = 𝑑𝑑ℳ𝑚𝑚(𝜉𝜉)
𝑑𝑑ℳ𝑚𝑚−1(𝜉𝜉)

(𝒽𝒽ℳ𝑚𝑚−1
2−𝑛𝑛 + 𝓀𝓀ℳ𝑚𝑚−1 + ℓℳ𝑚𝑚−1

𝑛𝑛 ), which leads to  
which leads to
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𝑑𝑑ℳ𝑚𝑚(𝜉𝜉)
𝒽𝒽ℳ𝑚𝑚2−𝑛𝑛+𝓀𝓀ℳ𝑚𝑚+ℓℳ𝑚𝑚𝑛𝑛

= 𝑑𝑑ℳ𝑚𝑚−1(𝜉𝜉)
𝒽𝒽ℳ𝑚𝑚−1

2−𝑛𝑛 +𝓀𝓀ℳ𝑚𝑚−1+ℓℳ𝑚𝑚−1
𝑛𝑛 . 

Integrating with respect to and simplifying, we get 

ℳ𝑚𝑚(𝜉𝜉) = ( −ℓ𝒜𝒜1+𝒽𝒽𝒜𝒜2(ℳ𝑚𝑚−1(𝜉𝜉))1−𝑛𝑛

𝓀𝓀𝒜𝒜1+𝒽𝒽𝒜𝒜2+𝒽𝒽𝒜𝒜1(ℳ𝑚𝑚−1(𝜉𝜉))1−𝑛𝑛)
1

1−𝑛𝑛,                                                                                                      (3.13) 

where 𝒜𝒜1 and 𝒜𝒜2 being constants. 

Once the solution of Eq. (3.3) is known, the Bäcklund transformation (3.13) is used to generate an 

infinite sequence of new solutions. Consequently, an endless sequence of solutions to Eqs. (1.1)-

(1.3) can also be constructed. 

 

4. Application of the R-B S-ODE to FSWBBM equations 

Consider the wave transform 

ℋ(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ℳ(𝜉𝜉)𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡),   𝜉𝜉 = (𝓅𝓅𝑥𝑥𝜗𝜗 + 𝓆𝓆𝑦𝑦𝜗𝜗 + 𝓇𝓇𝑧𝑧𝜗𝜗 − 𝜔𝜔𝑡𝑡𝜗𝜗)/𝜗𝜗,                                      (4.1) 

where is ℋ a real function. Utilizing the CFD, the travelling wave transformation, and properties 

of SWP, we obtain 

𝔇𝔇𝓉𝓉
𝜗𝜗ℋ = (−𝜔𝜔ℳ′ + 𝜚𝜚

2 ℳ 𝑑𝑑𝑑𝑑(𝑡𝑡)) 𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡).                                                                                             (4.2) 

𝔇𝔇𝑥𝑥
𝜗𝜗ℋ = 𝓅𝓅 ℳ′𝑒𝑒(𝜚𝜚

2𝒲𝒲(𝑡𝑡)−1
4𝜚𝜚2𝑡𝑡),  𝔇𝔇𝑦𝑦

𝜗𝜗ℋ = 𝓆𝓆ℳ′𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡),  𝔇𝔇𝑧𝑧
𝜗𝜗ℋ = 𝓇𝓇ℳ′𝑒𝑒(𝜚𝜚

2𝒲𝒲(𝑡𝑡)−1
4𝜚𝜚2𝑡𝑡).       (4.3) 

𝔇𝔇𝑥𝑥𝑥𝑥
2𝜗𝜗ℋ =  𝓅𝓅2ℳ′′𝑒𝑒(𝜚𝜚

2𝒲𝒲(𝑡𝑡)−1
4𝜚𝜚2𝑡𝑡), 𝔇𝔇𝑥𝑥𝑥𝑥

2𝜗𝜗ℋ = 𝓅𝓅𝓅𝓅ℳ′′𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 𝔇𝔇𝑥𝑥𝑥𝑥
2𝜗𝜗ℋ = 𝓅𝓅𝓅𝓅ℳ′′𝑒𝑒(𝜚𝜚

2𝒲𝒲(𝑡𝑡)−1
4𝜚𝜚2𝑡𝑡). (4.4) 

𝔇𝔇𝑥𝑥𝑥𝑥𝑥𝑥
3𝜗𝜗 ℋ = (−𝓅𝓅2𝜔𝜔ℳ′′′ + 𝓅𝓅2𝜚𝜚

2 ℳ′′𝑑𝑑𝑑𝑑(𝑡𝑡)) 𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 𝔇𝔇𝑥𝑥𝑥𝑥𝑥𝑥
3𝜗𝜗 ℋ = (−𝓅𝓅𝓅𝓅𝓅𝓅ℳ′′′ +

𝓅𝓅𝓅𝓅𝓅𝓅
2 ℳ′′𝑑𝑑𝑑𝑑(𝑡𝑡)) 𝑒𝑒(𝜚𝜚

2𝒲𝒲(𝑡𝑡)−1
4𝜚𝜚2𝑡𝑡), 𝔇𝔇𝑥𝑥𝑥𝑥𝑥𝑥

3𝜗𝜗 ℋ = (−𝓅𝓅𝓅𝓅𝓅𝓅ℳ′′′ + 𝓅𝓅𝓅𝓅𝓅𝓅
2 ℳ′′𝑑𝑑𝑑𝑑(𝑡𝑡)) 𝑒𝑒(𝜚𝜚

2𝒲𝒲(𝑡𝑡)−1
4𝜚𝜚2𝑡𝑡).    (4.5) 

 

4.1 Solutions for the first FSWBBM equation 

Inserting Eqs. (4.1)-(4.5) into (1.1) and simplify, we obtain 

Integrating with respect to ξ and simplifying, we get
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𝒽𝒽ℳ𝑚𝑚−1

2−𝑛𝑛 +𝓀𝓀ℳ𝑚𝑚−1+ℓℳ𝑚𝑚−1
𝑛𝑛 . 

Integrating with respect to and simplifying, we get 

ℳ𝑚𝑚(𝜉𝜉) = ( −ℓ𝒜𝒜1+𝒽𝒽𝒜𝒜2(ℳ𝑚𝑚−1(𝜉𝜉))1−𝑛𝑛

𝓀𝓀𝒜𝒜1+𝒽𝒽𝒜𝒜2+𝒽𝒽𝒜𝒜1(ℳ𝑚𝑚−1(𝜉𝜉))1−𝑛𝑛)
1

1−𝑛𝑛,                                                                                                      (3.13) 

where 𝒜𝒜1 and 𝒜𝒜2 being constants. 

Once the solution of Eq. (3.3) is known, the Bäcklund transformation (3.13) is used to generate an 

infinite sequence of new solutions. Consequently, an endless sequence of solutions to Eqs. (1.1)-

(1.3) can also be constructed. 

 

4. Application of the R-B S-ODE to FSWBBM equations 

Consider the wave transform 

ℋ(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ℳ(𝜉𝜉)𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡),   𝜉𝜉 = (𝓅𝓅𝑥𝑥𝜗𝜗 + 𝓆𝓆𝑦𝑦𝜗𝜗 + 𝓇𝓇𝑧𝑧𝜗𝜗 − 𝜔𝜔𝑡𝑡𝜗𝜗)/𝜗𝜗,                                      (4.1) 

where is ℋ a real function. Utilizing the CFD, the travelling wave transformation, and properties 

of SWP, we obtain 

𝔇𝔇𝓉𝓉
𝜗𝜗ℋ = (−𝜔𝜔ℳ′ + 𝜚𝜚

2 ℳ 𝑑𝑑𝑑𝑑(𝑡𝑡)) 𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡).                                                                                             (4.2) 

𝔇𝔇𝑥𝑥
𝜗𝜗ℋ = 𝓅𝓅 ℳ′𝑒𝑒(𝜚𝜚

2𝒲𝒲(𝑡𝑡)−1
4𝜚𝜚2𝑡𝑡),  𝔇𝔇𝑦𝑦

𝜗𝜗ℋ = 𝓆𝓆ℳ′𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡),  𝔇𝔇𝑧𝑧
𝜗𝜗ℋ = 𝓇𝓇ℳ′𝑒𝑒(𝜚𝜚

2𝒲𝒲(𝑡𝑡)−1
4𝜚𝜚2𝑡𝑡).       (4.3) 

𝔇𝔇𝑥𝑥𝑥𝑥
2𝜗𝜗ℋ =  𝓅𝓅2ℳ′′𝑒𝑒(𝜚𝜚

2𝒲𝒲(𝑡𝑡)−1
4𝜚𝜚2𝑡𝑡), 𝔇𝔇𝑥𝑥𝑥𝑥

2𝜗𝜗ℋ = 𝓅𝓅𝓅𝓅ℳ′′𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 𝔇𝔇𝑥𝑥𝑥𝑥
2𝜗𝜗ℋ = 𝓅𝓅𝓅𝓅ℳ′′𝑒𝑒(𝜚𝜚

2𝒲𝒲(𝑡𝑡)−1
4𝜚𝜚2𝑡𝑡). (4.4) 

𝔇𝔇𝑥𝑥𝑥𝑥𝑥𝑥
3𝜗𝜗 ℋ = (−𝓅𝓅2𝜔𝜔ℳ′′′ + 𝓅𝓅2𝜚𝜚

2 ℳ′′𝑑𝑑𝑑𝑑(𝑡𝑡)) 𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 𝔇𝔇𝑥𝑥𝑥𝑥𝑥𝑥
3𝜗𝜗 ℋ = (−𝓅𝓅𝓅𝓅𝓅𝓅ℳ′′′ +

𝓅𝓅𝓅𝓅𝓅𝓅
2 ℳ′′𝑑𝑑𝑑𝑑(𝑡𝑡)) 𝑒𝑒(𝜚𝜚

2𝒲𝒲(𝑡𝑡)−1
4𝜚𝜚2𝑡𝑡), 𝔇𝔇𝑥𝑥𝑥𝑥𝑥𝑥

3𝜗𝜗 ℋ = (−𝓅𝓅𝓅𝓅𝓅𝓅ℳ′′′ + 𝓅𝓅𝓅𝓅𝓅𝓅
2 ℳ′′𝑑𝑑𝑑𝑑(𝑡𝑡)) 𝑒𝑒(𝜚𝜚

2𝒲𝒲(𝑡𝑡)−1
4𝜚𝜚2𝑡𝑡).    (4.5) 

 

4.1 Solutions for the first FSWBBM equation 

Inserting Eqs. (4.1)-(4.5) into (1.1) and simplify, we obtain 

� (3.13)

where 𝒜1 and 𝒜2 being constants.

Once the solution of Eq. (3.3) is known, the Bäcklund 
transformation (3.13) is used to generate an infinite 
sequence of new solutions. Consequently, an endless 
sequence of solutions to Eqs. (1.1)-(1.3) can also be 
constructed.

4.	 �Application of the R-B S-ODE to FSWBBM 
equations

Consider the wave transform
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𝑑𝑑ℳ𝑚𝑚(𝜉𝜉)
𝒽𝒽ℳ𝑚𝑚2−𝑛𝑛+𝓀𝓀ℳ𝑚𝑚+ℓℳ𝑚𝑚𝑛𝑛

= 𝑑𝑑ℳ𝑚𝑚−1(𝜉𝜉)
𝒽𝒽ℳ𝑚𝑚−1

2−𝑛𝑛 +𝓀𝓀ℳ𝑚𝑚−1+ℓℳ𝑚𝑚−1
𝑛𝑛 . 

Integrating with respect to and simplifying, we get 

ℳ𝑚𝑚(𝜉𝜉) = ( −ℓ𝒜𝒜1+𝒽𝒽𝒜𝒜2(ℳ𝑚𝑚−1(𝜉𝜉))1−𝑛𝑛

𝓀𝓀𝒜𝒜1+𝒽𝒽𝒜𝒜2+𝒽𝒽𝒜𝒜1(ℳ𝑚𝑚−1(𝜉𝜉))1−𝑛𝑛)
1

1−𝑛𝑛,                                                                                                      (3.13) 

where 𝒜𝒜1 and 𝒜𝒜2 being constants. 

Once the solution of Eq. (3.3) is known, the Bäcklund transformation (3.13) is used to generate an 

infinite sequence of new solutions. Consequently, an endless sequence of solutions to Eqs. (1.1)-

(1.3) can also be constructed. 

 

4. Application of the R-B S-ODE to FSWBBM equations 

Consider the wave transform 

ℋ(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ℳ(𝜉𝜉)𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡),   𝜉𝜉 = (𝓅𝓅𝑥𝑥𝜗𝜗 + 𝓆𝓆𝑦𝑦𝜗𝜗 + 𝓇𝓇𝑧𝑧𝜗𝜗 − 𝜔𝜔𝑡𝑡𝜗𝜗)/𝜗𝜗,                                      (4.1) 

where is ℋ a real function. Utilizing the CFD, the travelling wave transformation, and properties 

of SWP, we obtain 

𝔇𝔇𝓉𝓉
𝜗𝜗ℋ = (−𝜔𝜔ℳ′ + 𝜚𝜚

2 ℳ 𝑑𝑑𝑑𝑑(𝑡𝑡)) 𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡).                                                                                             (4.2) 

𝔇𝔇𝑥𝑥
𝜗𝜗ℋ = 𝓅𝓅 ℳ′𝑒𝑒(𝜚𝜚

2𝒲𝒲(𝑡𝑡)−1
4𝜚𝜚2𝑡𝑡),  𝔇𝔇𝑦𝑦

𝜗𝜗ℋ = 𝓆𝓆ℳ′𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡),  𝔇𝔇𝑧𝑧
𝜗𝜗ℋ = 𝓇𝓇ℳ′𝑒𝑒(𝜚𝜚

2𝒲𝒲(𝑡𝑡)−1
4𝜚𝜚2𝑡𝑡).       (4.3) 

𝔇𝔇𝑥𝑥𝑥𝑥
2𝜗𝜗ℋ =  𝓅𝓅2ℳ′′𝑒𝑒(𝜚𝜚

2𝒲𝒲(𝑡𝑡)−1
4𝜚𝜚2𝑡𝑡), 𝔇𝔇𝑥𝑥𝑥𝑥

2𝜗𝜗ℋ = 𝓅𝓅𝓅𝓅ℳ′′𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 𝔇𝔇𝑥𝑥𝑥𝑥
2𝜗𝜗ℋ = 𝓅𝓅𝓅𝓅ℳ′′𝑒𝑒(𝜚𝜚

2𝒲𝒲(𝑡𝑡)−1
4𝜚𝜚2𝑡𝑡). (4.4) 

𝔇𝔇𝑥𝑥𝑥𝑥𝑥𝑥
3𝜗𝜗 ℋ = (−𝓅𝓅2𝜔𝜔ℳ′′′ + 𝓅𝓅2𝜚𝜚

2 ℳ′′𝑑𝑑𝑑𝑑(𝑡𝑡)) 𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 𝔇𝔇𝑥𝑥𝑥𝑥𝑥𝑥
3𝜗𝜗 ℋ = (−𝓅𝓅𝓅𝓅𝓅𝓅ℳ′′′ +

𝓅𝓅𝓅𝓅𝓅𝓅
2 ℳ′′𝑑𝑑𝑑𝑑(𝑡𝑡)) 𝑒𝑒(𝜚𝜚

2𝒲𝒲(𝑡𝑡)−1
4𝜚𝜚2𝑡𝑡), 𝔇𝔇𝑥𝑥𝑥𝑥𝑥𝑥

3𝜗𝜗 ℋ = (−𝓅𝓅𝓅𝓅𝓅𝓅ℳ′′′ + 𝓅𝓅𝓅𝓅𝓅𝓅
2 ℳ′′𝑑𝑑𝑑𝑑(𝑡𝑡)) 𝑒𝑒(𝜚𝜚

2𝒲𝒲(𝑡𝑡)−1
4𝜚𝜚2𝑡𝑡).    (4.5) 

 

4.1 Solutions for the first FSWBBM equation 

Inserting Eqs. (4.1)-(4.5) into (1.1) and simplify, we obtain 

�(4.1)

where ℋ is  a real function. Utilizing the CFD, the 
travelling wave transformation, and properties of SWP, 
we obtain
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1

1−𝑛𝑛,                                                                                                      (3.13) 

where 𝒜𝒜1 and 𝒜𝒜2 being constants. 

Once the solution of Eq. (3.3) is known, the Bäcklund transformation (3.13) is used to generate an 

infinite sequence of new solutions. Consequently, an endless sequence of solutions to Eqs. (1.1)-

(1.3) can also be constructed. 

 

4. Application of the R-B S-ODE to FSWBBM equations 

Consider the wave transform 

ℋ(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ℳ(𝜉𝜉)𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡),   𝜉𝜉 = (𝓅𝓅𝑥𝑥𝜗𝜗 + 𝓆𝓆𝑦𝑦𝜗𝜗 + 𝓇𝓇𝑧𝑧𝜗𝜗 − 𝜔𝜔𝑡𝑡𝜗𝜗)/𝜗𝜗,                                      (4.1) 

where is ℋ a real function. Utilizing the CFD, the travelling wave transformation, and properties 

of SWP, we obtain 

𝔇𝔇𝓉𝓉
𝜗𝜗ℋ = (−𝜔𝜔ℳ′ + 𝜚𝜚

2 ℳ 𝑑𝑑𝑑𝑑(𝑡𝑡)) 𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡).                                                                                             (4.2) 

𝔇𝔇𝑥𝑥
𝜗𝜗ℋ = 𝓅𝓅 ℳ′𝑒𝑒(𝜚𝜚

2𝒲𝒲(𝑡𝑡)−1
4𝜚𝜚2𝑡𝑡),  𝔇𝔇𝑦𝑦

𝜗𝜗ℋ = 𝓆𝓆ℳ′𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡),  𝔇𝔇𝑧𝑧
𝜗𝜗ℋ = 𝓇𝓇ℳ′𝑒𝑒(𝜚𝜚

2𝒲𝒲(𝑡𝑡)−1
4𝜚𝜚2𝑡𝑡).       (4.3) 

𝔇𝔇𝑥𝑥𝑥𝑥
2𝜗𝜗ℋ =  𝓅𝓅2ℳ′′𝑒𝑒(𝜚𝜚

2𝒲𝒲(𝑡𝑡)−1
4𝜚𝜚2𝑡𝑡), 𝔇𝔇𝑥𝑥𝑥𝑥

2𝜗𝜗ℋ = 𝓅𝓅𝓅𝓅ℳ′′𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 𝔇𝔇𝑥𝑥𝑥𝑥
2𝜗𝜗ℋ = 𝓅𝓅𝓅𝓅ℳ′′𝑒𝑒(𝜚𝜚

2𝒲𝒲(𝑡𝑡)−1
4𝜚𝜚2𝑡𝑡). (4.4) 

𝔇𝔇𝑥𝑥𝑥𝑥𝑥𝑥
3𝜗𝜗 ℋ = (−𝓅𝓅2𝜔𝜔ℳ′′′ + 𝓅𝓅2𝜚𝜚

2 ℳ′′𝑑𝑑𝑑𝑑(𝑡𝑡)) 𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 𝔇𝔇𝑥𝑥𝑥𝑥𝑥𝑥
3𝜗𝜗 ℋ = (−𝓅𝓅𝓅𝓅𝓅𝓅ℳ′′′ +

𝓅𝓅𝓅𝓅𝓅𝓅
2 ℳ′′𝑑𝑑𝑑𝑑(𝑡𝑡)) 𝑒𝑒(𝜚𝜚

2𝒲𝒲(𝑡𝑡)−1
4𝜚𝜚2𝑡𝑡), 𝔇𝔇𝑥𝑥𝑥𝑥𝑥𝑥

3𝜗𝜗 ℋ = (−𝓅𝓅𝓅𝓅𝓅𝓅ℳ′′′ + 𝓅𝓅𝓅𝓅𝓅𝓅
2 ℳ′′𝑑𝑑𝑑𝑑(𝑡𝑡)) 𝑒𝑒(𝜚𝜚

2𝒲𝒲(𝑡𝑡)−1
4𝜚𝜚2𝑡𝑡).    (4.5) 

 

4.1 Solutions for the first FSWBBM equation 

Inserting Eqs. (4.1)-(4.5) into (1.1) and simplify, we obtain 

4.1	 Solutions for the first FSWBBM equation
Inserting Eqs. (4.1)-(4.5) into (1.1) and simplify, we 

obtain

Taking expectation on both sides of Eq. (4.6) result in
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(𝓅𝓅 − 𝜔𝜔)ℳ′ + 𝓆𝓆u2ℳ′𝑒𝑒(𝜚𝜚𝜚𝜚(𝑡𝑡)−1
2𝜚𝜚2𝑡𝑡) + 𝓅𝓅𝓅𝓅𝓅𝓅ℳ′′′ = 0.                                                         (4.6)                                                                

Taking expectation on both sides of Eq. (4.6) result in 

(𝓅𝓅 − 𝜔𝜔)ℳ′ + 𝓆𝓆ℳ2ℳ′ + 𝓅𝓅𝓅𝓅𝓅𝓅ℳ′′′ = 0.                                                                                                        (4.7) 

Integrating Eq. (4.7) we get 

(𝓅𝓅 − 𝜔𝜔)ℳ + 𝓆𝓆
3 ℳ3 + 𝓅𝓅𝓅𝓅𝓅𝓅ℳ′′ = 0.                                                                                                                   (4.8) 

Substituting Eq. (3.4) into (4.8) and simplify, we get 

(𝓅𝓅 − 𝜔𝜔)ℳ + 𝓆𝓆
3 ℳ3 + 𝓅𝓅𝓅𝓅𝓅𝓅(𝒽𝒽𝒽𝒽(3 − 𝑛𝑛)ℳ2−𝑛𝑛 + 𝒽𝒽2(2 − 𝑛𝑛)ℳ3−2𝑛𝑛 + 𝑛𝑛ℓ2ℳ2𝑛𝑛−1 + 𝓀𝓀ℓ(𝑛𝑛 +

1)ℳ𝑛𝑛 + (2𝒽𝒽ℓ + 𝓀𝓀2)ℳ) = 0.                                                                                                                                   (4.9) 

Set 𝑛𝑛 = 0: 

(𝓅𝓅 − 𝜔𝜔)ℳ + 𝓆𝓆
3 ℳ3 + 𝓅𝓅𝓅𝓅𝓅𝓅(3𝒽𝒽𝒽𝒽ℳ2 + 2𝒽𝒽2ℳ3 + 𝓀𝓀ℓ + (2𝒽𝒽ℓ + 𝓀𝓀2)ℳ) = 0.                      (4.10) 

By Collecting the like powers of ℳ𝒿𝒿 for 𝒿𝒿 = 0, 1, 2, 3, …, and equating to zero. We obtain 

Coefficient of ℳ0:         𝓅𝓅𝓅𝓅𝜔𝜔𝜔𝜔ℓ = 0.  

Coefficient of ℳ1:         𝓅𝓅 − 𝜔𝜔 + 𝓅𝓅𝓅𝓅𝓅𝓅(2𝒽𝒽ℓ + 𝓀𝓀2) = 0. 

Coefficient of ℳ2:         3𝒽𝒽𝒽𝒽𝒽𝒽𝒽𝒽𝒽𝒽 = 0. 

Coefficient of ℳ3:         𝓆𝓆3 + 2𝒽𝒽2𝓅𝓅𝓅𝓅𝓅𝓅 = 0. 

Solving the system yields the following values: 

𝓀𝓀 = 0,  𝒽𝒽 = ±√− 𝓆𝓆
6𝓅𝓅𝓅𝓅𝓅𝓅,   ℓ = 𝜔𝜔−𝓅𝓅

2𝒽𝒽𝒽𝒽𝒽𝒽𝜔𝜔.                                                                                                         (4.11) 

When 𝜔𝜔−𝓅𝓅
𝓅𝓅𝓅𝓅𝓅𝓅 > 0, from Eq. (4.11), Eq. (3.8) and Eq. (3.9), we get 

ℋ1,1(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ±√3(𝓅𝓅−𝜔𝜔)
𝓆𝓆  𝑡𝑡𝑡𝑡𝑡𝑡 (√ 𝜔𝜔−𝓅𝓅

2𝓅𝓅𝓅𝓅𝜔𝜔  (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 + 𝒞𝒞)) 𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 

and 

Integrating Eq. (4.7) we get
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(𝓅𝓅 − 𝜔𝜔)ℳ′ + 𝓆𝓆u2ℳ′𝑒𝑒(𝜚𝜚𝜚𝜚(𝑡𝑡)−1
2𝜚𝜚2𝑡𝑡) + 𝓅𝓅𝓅𝓅𝓅𝓅ℳ′′′ = 0.                                                         (4.6)                                                                

Taking expectation on both sides of Eq. (4.6) result in 

(𝓅𝓅 − 𝜔𝜔)ℳ′ + 𝓆𝓆ℳ2ℳ′ + 𝓅𝓅𝓅𝓅𝓅𝓅ℳ′′′ = 0.                                                                                                        (4.7) 

Integrating Eq. (4.7) we get 

(𝓅𝓅 − 𝜔𝜔)ℳ + 𝓆𝓆
3 ℳ3 + 𝓅𝓅𝓅𝓅𝓅𝓅ℳ′′ = 0.                                                                                                                   (4.8) 

Substituting Eq. (3.4) into (4.8) and simplify, we get 

(𝓅𝓅 − 𝜔𝜔)ℳ + 𝓆𝓆
3 ℳ3 + 𝓅𝓅𝓅𝓅𝓅𝓅(𝒽𝒽𝒽𝒽(3 − 𝑛𝑛)ℳ2−𝑛𝑛 + 𝒽𝒽2(2 − 𝑛𝑛)ℳ3−2𝑛𝑛 + 𝑛𝑛ℓ2ℳ2𝑛𝑛−1 + 𝓀𝓀ℓ(𝑛𝑛 +

1)ℳ𝑛𝑛 + (2𝒽𝒽ℓ + 𝓀𝓀2)ℳ) = 0.                                                                                                                                   (4.9) 

Set 𝑛𝑛 = 0: 

(𝓅𝓅 − 𝜔𝜔)ℳ + 𝓆𝓆
3 ℳ3 + 𝓅𝓅𝓅𝓅𝓅𝓅(3𝒽𝒽𝒽𝒽ℳ2 + 2𝒽𝒽2ℳ3 + 𝓀𝓀ℓ + (2𝒽𝒽ℓ + 𝓀𝓀2)ℳ) = 0.                      (4.10) 

By Collecting the like powers of ℳ𝒿𝒿 for 𝒿𝒿 = 0, 1, 2, 3, …, and equating to zero. We obtain 

Coefficient of ℳ0:         𝓅𝓅𝓅𝓅𝜔𝜔𝜔𝜔ℓ = 0.  

Coefficient of ℳ1:         𝓅𝓅 − 𝜔𝜔 + 𝓅𝓅𝓅𝓅𝓅𝓅(2𝒽𝒽ℓ + 𝓀𝓀2) = 0. 

Coefficient of ℳ2:         3𝒽𝒽𝒽𝒽𝒽𝒽𝒽𝒽𝒽𝒽 = 0. 

Coefficient of ℳ3:         𝓆𝓆3 + 2𝒽𝒽2𝓅𝓅𝓅𝓅𝓅𝓅 = 0. 

Solving the system yields the following values: 

𝓀𝓀 = 0,  𝒽𝒽 = ±√− 𝓆𝓆
6𝓅𝓅𝓅𝓅𝓅𝓅,   ℓ = 𝜔𝜔−𝓅𝓅

2𝒽𝒽𝒽𝒽𝒽𝒽𝜔𝜔.                                                                                                         (4.11) 

When 𝜔𝜔−𝓅𝓅
𝓅𝓅𝓅𝓅𝓅𝓅 > 0, from Eq. (4.11), Eq. (3.8) and Eq. (3.9), we get 

ℋ1,1(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ±√3(𝓅𝓅−𝜔𝜔)
𝓆𝓆  𝑡𝑡𝑡𝑡𝑡𝑡 (√ 𝜔𝜔−𝓅𝓅

2𝓅𝓅𝓅𝓅𝜔𝜔  (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 + 𝒞𝒞)) 𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 

and 

Substituting Eq. (3.4) into (4.8) and simplify, we get
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(𝓅𝓅 − 𝜔𝜔)ℳ′ + 𝓆𝓆u2ℳ′𝑒𝑒(𝜚𝜚𝜚𝜚(𝑡𝑡)−1
2𝜚𝜚2𝑡𝑡) + 𝓅𝓅𝓅𝓅𝓅𝓅ℳ′′′ = 0.                                                         (4.6)                                                                

Taking expectation on both sides of Eq. (4.6) result in 

(𝓅𝓅 − 𝜔𝜔)ℳ′ + 𝓆𝓆ℳ2ℳ′ + 𝓅𝓅𝓅𝓅𝓅𝓅ℳ′′′ = 0.                                                                                                        (4.7) 

Integrating Eq. (4.7) we get 

(𝓅𝓅 − 𝜔𝜔)ℳ + 𝓆𝓆
3 ℳ3 + 𝓅𝓅𝓅𝓅𝓅𝓅ℳ′′ = 0.                                                                                                                   (4.8) 

Substituting Eq. (3.4) into (4.8) and simplify, we get 

(𝓅𝓅 − 𝜔𝜔)ℳ + 𝓆𝓆
3 ℳ3 + 𝓅𝓅𝓅𝓅𝓅𝓅(𝒽𝒽𝒽𝒽(3 − 𝑛𝑛)ℳ2−𝑛𝑛 + 𝒽𝒽2(2 − 𝑛𝑛)ℳ3−2𝑛𝑛 + 𝑛𝑛ℓ2ℳ2𝑛𝑛−1 + 𝓀𝓀ℓ(𝑛𝑛 +

1)ℳ𝑛𝑛 + (2𝒽𝒽ℓ + 𝓀𝓀2)ℳ) = 0.                                                                                                                                   (4.9) 

Set 𝑛𝑛 = 0: 

(𝓅𝓅 − 𝜔𝜔)ℳ + 𝓆𝓆
3 ℳ3 + 𝓅𝓅𝓅𝓅𝓅𝓅(3𝒽𝒽𝒽𝒽ℳ2 + 2𝒽𝒽2ℳ3 + 𝓀𝓀ℓ + (2𝒽𝒽ℓ + 𝓀𝓀2)ℳ) = 0.                      (4.10) 

By Collecting the like powers of ℳ𝒿𝒿 for 𝒿𝒿 = 0, 1, 2, 3, …, and equating to zero. We obtain 

Coefficient of ℳ0:         𝓅𝓅𝓅𝓅𝜔𝜔𝜔𝜔ℓ = 0.  

Coefficient of ℳ1:         𝓅𝓅 − 𝜔𝜔 + 𝓅𝓅𝓅𝓅𝓅𝓅(2𝒽𝒽ℓ + 𝓀𝓀2) = 0. 

Coefficient of ℳ2:         3𝒽𝒽𝒽𝒽𝒽𝒽𝒽𝒽𝒽𝒽 = 0. 

Coefficient of ℳ3:         𝓆𝓆3 + 2𝒽𝒽2𝓅𝓅𝓅𝓅𝓅𝓅 = 0. 

Solving the system yields the following values: 

𝓀𝓀 = 0,  𝒽𝒽 = ±√− 𝓆𝓆
6𝓅𝓅𝓅𝓅𝓅𝓅,   ℓ = 𝜔𝜔−𝓅𝓅

2𝒽𝒽𝒽𝒽𝒽𝒽𝜔𝜔.                                                                                                         (4.11) 

When 𝜔𝜔−𝓅𝓅
𝓅𝓅𝓅𝓅𝓅𝓅 > 0, from Eq. (4.11), Eq. (3.8) and Eq. (3.9), we get 

ℋ1,1(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ±√3(𝓅𝓅−𝜔𝜔)
𝓆𝓆  𝑡𝑡𝑡𝑡𝑡𝑡 (√ 𝜔𝜔−𝓅𝓅

2𝓅𝓅𝓅𝓅𝜔𝜔  (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 + 𝒞𝒞)) 𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 

and 

By Collecting the like powers of 
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(𝓅𝓅 − 𝜔𝜔)ℳ′ + 𝓆𝓆u2ℳ′𝑒𝑒(𝜚𝜚𝜚𝜚(𝑡𝑡)−1
2𝜚𝜚2𝑡𝑡) + 𝓅𝓅𝓅𝓅𝓅𝓅ℳ′′′ = 0.                                                         (4.6)                                                                

Taking expectation on both sides of Eq. (4.6) result in 

(𝓅𝓅 − 𝜔𝜔)ℳ′ + 𝓆𝓆ℳ2ℳ′ + 𝓅𝓅𝓅𝓅𝓅𝓅ℳ′′′ = 0.                                                                                                        (4.7) 

Integrating Eq. (4.7) we get 

(𝓅𝓅 − 𝜔𝜔)ℳ + 𝓆𝓆
3 ℳ3 + 𝓅𝓅𝓅𝓅𝓅𝓅ℳ′′ = 0.                                                                                                                   (4.8) 

Substituting Eq. (3.4) into (4.8) and simplify, we get 

(𝓅𝓅 − 𝜔𝜔)ℳ + 𝓆𝓆
3 ℳ3 + 𝓅𝓅𝓅𝓅𝓅𝓅(𝒽𝒽𝒽𝒽(3 − 𝑛𝑛)ℳ2−𝑛𝑛 + 𝒽𝒽2(2 − 𝑛𝑛)ℳ3−2𝑛𝑛 + 𝑛𝑛ℓ2ℳ2𝑛𝑛−1 + 𝓀𝓀ℓ(𝑛𝑛 +

1)ℳ𝑛𝑛 + (2𝒽𝒽ℓ + 𝓀𝓀2)ℳ) = 0.                                                                                                                                   (4.9) 

Set 𝑛𝑛 = 0: 

(𝓅𝓅 − 𝜔𝜔)ℳ + 𝓆𝓆
3 ℳ3 + 𝓅𝓅𝓅𝓅𝓅𝓅(3𝒽𝒽𝒽𝒽ℳ2 + 2𝒽𝒽2ℳ3 + 𝓀𝓀ℓ + (2𝒽𝒽ℓ + 𝓀𝓀2)ℳ) = 0.                      (4.10) 

By Collecting the like powers of ℳ𝒿𝒿 for 𝒿𝒿 = 0, 1, 2, 3, …, and equating to zero. We obtain 

Coefficient of ℳ0:         𝓅𝓅𝓅𝓅𝜔𝜔𝜔𝜔ℓ = 0.  

Coefficient of ℳ1:         𝓅𝓅 − 𝜔𝜔 + 𝓅𝓅𝓅𝓅𝓅𝓅(2𝒽𝒽ℓ + 𝓀𝓀2) = 0. 

Coefficient of ℳ2:         3𝒽𝒽𝒽𝒽𝒽𝒽𝒽𝒽𝒽𝒽 = 0. 

Coefficient of ℳ3:         𝓆𝓆3 + 2𝒽𝒽2𝓅𝓅𝓅𝓅𝓅𝓅 = 0. 

Solving the system yields the following values: 

𝓀𝓀 = 0,  𝒽𝒽 = ±√− 𝓆𝓆
6𝓅𝓅𝓅𝓅𝓅𝓅,   ℓ = 𝜔𝜔−𝓅𝓅

2𝒽𝒽𝒽𝒽𝒽𝒽𝜔𝜔.                                                                                                         (4.11) 

When 𝜔𝜔−𝓅𝓅
𝓅𝓅𝓅𝓅𝓅𝓅 > 0, from Eq. (4.11), Eq. (3.8) and Eq. (3.9), we get 

ℋ1,1(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ±√3(𝓅𝓅−𝜔𝜔)
𝓆𝓆  𝑡𝑡𝑡𝑡𝑡𝑡 (√ 𝜔𝜔−𝓅𝓅

2𝓅𝓅𝓅𝓅𝜔𝜔  (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 + 𝒞𝒞)) 𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 

and 

 for 
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(𝓅𝓅 − 𝜔𝜔)ℳ′ + 𝓆𝓆u2ℳ′𝑒𝑒(𝜚𝜚𝜚𝜚(𝑡𝑡)−1
2𝜚𝜚2𝑡𝑡) + 𝓅𝓅𝓅𝓅𝓅𝓅ℳ′′′ = 0.                                                         (4.6)                                                                

Taking expectation on both sides of Eq. (4.6) result in 

(𝓅𝓅 − 𝜔𝜔)ℳ′ + 𝓆𝓆ℳ2ℳ′ + 𝓅𝓅𝓅𝓅𝓅𝓅ℳ′′′ = 0.                                                                                                        (4.7) 

Integrating Eq. (4.7) we get 

(𝓅𝓅 − 𝜔𝜔)ℳ + 𝓆𝓆
3 ℳ3 + 𝓅𝓅𝓅𝓅𝓅𝓅ℳ′′ = 0.                                                                                                                   (4.8) 

Substituting Eq. (3.4) into (4.8) and simplify, we get 

(𝓅𝓅 − 𝜔𝜔)ℳ + 𝓆𝓆
3 ℳ3 + 𝓅𝓅𝓅𝓅𝓅𝓅(𝒽𝒽𝒽𝒽(3 − 𝑛𝑛)ℳ2−𝑛𝑛 + 𝒽𝒽2(2 − 𝑛𝑛)ℳ3−2𝑛𝑛 + 𝑛𝑛ℓ2ℳ2𝑛𝑛−1 + 𝓀𝓀ℓ(𝑛𝑛 +

1)ℳ𝑛𝑛 + (2𝒽𝒽ℓ + 𝓀𝓀2)ℳ) = 0.                                                                                                                                   (4.9) 

Set 𝑛𝑛 = 0: 

(𝓅𝓅 − 𝜔𝜔)ℳ + 𝓆𝓆
3 ℳ3 + 𝓅𝓅𝓅𝓅𝓅𝓅(3𝒽𝒽𝒽𝒽ℳ2 + 2𝒽𝒽2ℳ3 + 𝓀𝓀ℓ + (2𝒽𝒽ℓ + 𝓀𝓀2)ℳ) = 0.                      (4.10) 

By Collecting the like powers of ℳ𝒿𝒿 for 𝒿𝒿 = 0, 1, 2, 3, …, and equating to zero. We obtain 

Coefficient of ℳ0:         𝓅𝓅𝓅𝓅𝜔𝜔𝜔𝜔ℓ = 0.  

Coefficient of ℳ1:         𝓅𝓅 − 𝜔𝜔 + 𝓅𝓅𝓅𝓅𝓅𝓅(2𝒽𝒽ℓ + 𝓀𝓀2) = 0. 

Coefficient of ℳ2:         3𝒽𝒽𝒽𝒽𝒽𝒽𝒽𝒽𝒽𝒽 = 0. 

Coefficient of ℳ3:         𝓆𝓆3 + 2𝒽𝒽2𝓅𝓅𝓅𝓅𝓅𝓅 = 0. 

Solving the system yields the following values: 

𝓀𝓀 = 0,  𝒽𝒽 = ±√− 𝓆𝓆
6𝓅𝓅𝓅𝓅𝓅𝓅,   ℓ = 𝜔𝜔−𝓅𝓅

2𝒽𝒽𝒽𝒽𝒽𝒽𝜔𝜔.                                                                                                         (4.11) 

When 𝜔𝜔−𝓅𝓅
𝓅𝓅𝓅𝓅𝓅𝓅 > 0, from Eq. (4.11), Eq. (3.8) and Eq. (3.9), we get 

ℋ1,1(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ±√3(𝓅𝓅−𝜔𝜔)
𝓆𝓆  𝑡𝑡𝑡𝑡𝑡𝑡 (√ 𝜔𝜔−𝓅𝓅

2𝓅𝓅𝓅𝓅𝜔𝜔  (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 + 𝒞𝒞)) 𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 

and 

, and 

equating to zero. We obtain

Coefficient of:  

9 
 

(𝓅𝓅 − 𝜔𝜔)ℳ′ + 𝓆𝓆u2ℳ′𝑒𝑒(𝜚𝜚𝜚𝜚(𝑡𝑡)−1
2𝜚𝜚2𝑡𝑡) + 𝓅𝓅𝓅𝓅𝓅𝓅ℳ′′′ = 0.                                                         (4.6)                                                                

Taking expectation on both sides of Eq. (4.6) result in 

(𝓅𝓅 − 𝜔𝜔)ℳ′ + 𝓆𝓆ℳ2ℳ′ + 𝓅𝓅𝓅𝓅𝓅𝓅ℳ′′′ = 0.                                                                                                        (4.7) 

Integrating Eq. (4.7) we get 

(𝓅𝓅 − 𝜔𝜔)ℳ + 𝓆𝓆
3 ℳ3 + 𝓅𝓅𝓅𝓅𝓅𝓅ℳ′′ = 0.                                                                                                                   (4.8) 

Substituting Eq. (3.4) into (4.8) and simplify, we get 

(𝓅𝓅 − 𝜔𝜔)ℳ + 𝓆𝓆
3 ℳ3 + 𝓅𝓅𝓅𝓅𝓅𝓅(𝒽𝒽𝒽𝒽(3 − 𝑛𝑛)ℳ2−𝑛𝑛 + 𝒽𝒽2(2 − 𝑛𝑛)ℳ3−2𝑛𝑛 + 𝑛𝑛ℓ2ℳ2𝑛𝑛−1 + 𝓀𝓀ℓ(𝑛𝑛 +

1)ℳ𝑛𝑛 + (2𝒽𝒽ℓ + 𝓀𝓀2)ℳ) = 0.                                                                                                                                   (4.9) 

Set 𝑛𝑛 = 0: 

(𝓅𝓅 − 𝜔𝜔)ℳ + 𝓆𝓆
3 ℳ3 + 𝓅𝓅𝓅𝓅𝓅𝓅(3𝒽𝒽𝒽𝒽ℳ2 + 2𝒽𝒽2ℳ3 + 𝓀𝓀ℓ + (2𝒽𝒽ℓ + 𝓀𝓀2)ℳ) = 0.                      (4.10) 

By Collecting the like powers of ℳ𝒿𝒿 for 𝒿𝒿 = 0, 1, 2, 3, …, and equating to zero. We obtain 

Coefficient of ℳ0:         𝓅𝓅𝓅𝓅𝜔𝜔𝜔𝜔ℓ = 0.  

Coefficient of ℳ1:         𝓅𝓅 − 𝜔𝜔 + 𝓅𝓅𝓅𝓅𝓅𝓅(2𝒽𝒽ℓ + 𝓀𝓀2) = 0. 

Coefficient of ℳ2:         3𝒽𝒽𝒽𝒽𝒽𝒽𝒽𝒽𝒽𝒽 = 0. 

Coefficient of ℳ3:         𝓆𝓆3 + 2𝒽𝒽2𝓅𝓅𝓅𝓅𝓅𝓅 = 0. 

Solving the system yields the following values: 

𝓀𝓀 = 0,  𝒽𝒽 = ±√− 𝓆𝓆
6𝓅𝓅𝓅𝓅𝓅𝓅,   ℓ = 𝜔𝜔−𝓅𝓅

2𝒽𝒽𝒽𝒽𝒽𝒽𝜔𝜔.                                                                                                         (4.11) 

When 𝜔𝜔−𝓅𝓅
𝓅𝓅𝓅𝓅𝓅𝓅 > 0, from Eq. (4.11), Eq. (3.8) and Eq. (3.9), we get 

ℋ1,1(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ±√3(𝓅𝓅−𝜔𝜔)
𝓆𝓆  𝑡𝑡𝑡𝑡𝑡𝑡 (√ 𝜔𝜔−𝓅𝓅

2𝓅𝓅𝓅𝓅𝜔𝜔  (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 + 𝒞𝒞)) 𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 

and 

Coefficient of:

Coefficient of:

Coefficient of:

Solving the system yields the following values:
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(𝓅𝓅 − 𝜔𝜔)ℳ′ + 𝓆𝓆u2ℳ′𝑒𝑒(𝜚𝜚𝜚𝜚(𝑡𝑡)−1
2𝜚𝜚2𝑡𝑡) + 𝓅𝓅𝓅𝓅𝓅𝓅ℳ′′′ = 0.                                                         (4.6)                                                                

Taking expectation on both sides of Eq. (4.6) result in 

(𝓅𝓅 − 𝜔𝜔)ℳ′ + 𝓆𝓆ℳ2ℳ′ + 𝓅𝓅𝓅𝓅𝓅𝓅ℳ′′′ = 0.                                                                                                        (4.7) 

Integrating Eq. (4.7) we get 

(𝓅𝓅 − 𝜔𝜔)ℳ + 𝓆𝓆
3 ℳ3 + 𝓅𝓅𝓅𝓅𝓅𝓅ℳ′′ = 0.                                                                                                                   (4.8) 

Substituting Eq. (3.4) into (4.8) and simplify, we get 

(𝓅𝓅 − 𝜔𝜔)ℳ + 𝓆𝓆
3 ℳ3 + 𝓅𝓅𝓅𝓅𝓅𝓅(𝒽𝒽𝒽𝒽(3 − 𝑛𝑛)ℳ2−𝑛𝑛 + 𝒽𝒽2(2 − 𝑛𝑛)ℳ3−2𝑛𝑛 + 𝑛𝑛ℓ2ℳ2𝑛𝑛−1 + 𝓀𝓀ℓ(𝑛𝑛 +

1)ℳ𝑛𝑛 + (2𝒽𝒽ℓ + 𝓀𝓀2)ℳ) = 0.                                                                                                                                   (4.9) 

Set 𝑛𝑛 = 0: 

(𝓅𝓅 − 𝜔𝜔)ℳ + 𝓆𝓆
3 ℳ3 + 𝓅𝓅𝓅𝓅𝓅𝓅(3𝒽𝒽𝒽𝒽ℳ2 + 2𝒽𝒽2ℳ3 + 𝓀𝓀ℓ + (2𝒽𝒽ℓ + 𝓀𝓀2)ℳ) = 0.                      (4.10) 

By Collecting the like powers of ℳ𝒿𝒿 for 𝒿𝒿 = 0, 1, 2, 3, …, and equating to zero. We obtain 

Coefficient of ℳ0:         𝓅𝓅𝓅𝓅𝜔𝜔𝜔𝜔ℓ = 0.  

Coefficient of ℳ1:         𝓅𝓅 − 𝜔𝜔 + 𝓅𝓅𝓅𝓅𝓅𝓅(2𝒽𝒽ℓ + 𝓀𝓀2) = 0. 

Coefficient of ℳ2:         3𝒽𝒽𝒽𝒽𝒽𝒽𝒽𝒽𝒽𝒽 = 0. 

Coefficient of ℳ3:         𝓆𝓆3 + 2𝒽𝒽2𝓅𝓅𝓅𝓅𝓅𝓅 = 0. 

Solving the system yields the following values: 

𝓀𝓀 = 0,  𝒽𝒽 = ±√− 𝓆𝓆
6𝓅𝓅𝓅𝓅𝓅𝓅,   ℓ = 𝜔𝜔−𝓅𝓅

2𝒽𝒽𝒽𝒽𝒽𝒽𝜔𝜔.                                                                                                         (4.11) 

When 𝜔𝜔−𝓅𝓅
𝓅𝓅𝓅𝓅𝓅𝓅 > 0, from Eq. (4.11), Eq. (3.8) and Eq. (3.9), we get 

ℋ1,1(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ±√3(𝓅𝓅−𝜔𝜔)
𝓆𝓆  𝑡𝑡𝑡𝑡𝑡𝑡 (√ 𝜔𝜔−𝓅𝓅

2𝓅𝓅𝓅𝓅𝜔𝜔  (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 + 𝒞𝒞)) 𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 

and 

� (4.11)

When  , from Eq. (4.11), Eq. (3.8) and Eq. (3.9), 
we get
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(𝓅𝓅 − 𝜔𝜔)ℳ′ + 𝓆𝓆u2ℳ′𝑒𝑒(𝜚𝜚𝜚𝜚(𝑡𝑡)−1
2𝜚𝜚2𝑡𝑡) + 𝓅𝓅𝓅𝓅𝓅𝓅ℳ′′′ = 0.                                                         (4.6)                                                                

Taking expectation on both sides of Eq. (4.6) result in 

(𝓅𝓅 − 𝜔𝜔)ℳ′ + 𝓆𝓆ℳ2ℳ′ + 𝓅𝓅𝓅𝓅𝓅𝓅ℳ′′′ = 0.                                                                                                        (4.7) 

Integrating Eq. (4.7) we get 

(𝓅𝓅 − 𝜔𝜔)ℳ + 𝓆𝓆
3 ℳ3 + 𝓅𝓅𝓅𝓅𝓅𝓅ℳ′′ = 0.                                                                                                                   (4.8) 

Substituting Eq. (3.4) into (4.8) and simplify, we get 

(𝓅𝓅 − 𝜔𝜔)ℳ + 𝓆𝓆
3 ℳ3 + 𝓅𝓅𝓅𝓅𝓅𝓅(𝒽𝒽𝒽𝒽(3 − 𝑛𝑛)ℳ2−𝑛𝑛 + 𝒽𝒽2(2 − 𝑛𝑛)ℳ3−2𝑛𝑛 + 𝑛𝑛ℓ2ℳ2𝑛𝑛−1 + 𝓀𝓀ℓ(𝑛𝑛 +

1)ℳ𝑛𝑛 + (2𝒽𝒽ℓ + 𝓀𝓀2)ℳ) = 0.                                                                                                                                   (4.9) 

Set 𝑛𝑛 = 0: 

(𝓅𝓅 − 𝜔𝜔)ℳ + 𝓆𝓆
3 ℳ3 + 𝓅𝓅𝓅𝓅𝓅𝓅(3𝒽𝒽𝒽𝒽ℳ2 + 2𝒽𝒽2ℳ3 + 𝓀𝓀ℓ + (2𝒽𝒽ℓ + 𝓀𝓀2)ℳ) = 0.                      (4.10) 

By Collecting the like powers of ℳ𝒿𝒿 for 𝒿𝒿 = 0, 1, 2, 3, …, and equating to zero. We obtain 

Coefficient of ℳ0:         𝓅𝓅𝓅𝓅𝜔𝜔𝜔𝜔ℓ = 0.  

Coefficient of ℳ1:         𝓅𝓅 − 𝜔𝜔 + 𝓅𝓅𝓅𝓅𝓅𝓅(2𝒽𝒽ℓ + 𝓀𝓀2) = 0. 

Coefficient of ℳ2:         3𝒽𝒽𝒽𝒽𝒽𝒽𝒽𝒽𝒽𝒽 = 0. 

Coefficient of ℳ3:         𝓆𝓆3 + 2𝒽𝒽2𝓅𝓅𝓅𝓅𝓅𝓅 = 0. 

Solving the system yields the following values: 

𝓀𝓀 = 0,  𝒽𝒽 = ±√− 𝓆𝓆
6𝓅𝓅𝓅𝓅𝓅𝓅,   ℓ = 𝜔𝜔−𝓅𝓅

2𝒽𝒽𝒽𝒽𝒽𝒽𝜔𝜔.                                                                                                         (4.11) 

When 𝜔𝜔−𝓅𝓅
𝓅𝓅𝓅𝓅𝓅𝓅 > 0, from Eq. (4.11), Eq. (3.8) and Eq. (3.9), we get 

ℋ1,1(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ±√3(𝓅𝓅−𝜔𝜔)
𝓆𝓆  𝑡𝑡𝑡𝑡𝑡𝑡 (√ 𝜔𝜔−𝓅𝓅

2𝓅𝓅𝓅𝓅𝜔𝜔  (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 + 𝒞𝒞)) 𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 

and and
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ℋ1,2(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ±√3(𝓅𝓅−𝜔𝜔)
𝓆𝓆  𝑐𝑐𝑐𝑐𝑐𝑐 (√ 𝜔𝜔−𝓅𝓅

2𝓅𝓅𝓅𝓅𝜔𝜔  (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 + 𝒞𝒞)) 𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 

where 𝒞𝒞 is constant. 

 

When 𝜔𝜔−𝓅𝓅
𝓅𝓅𝓅𝓅𝓅𝓅 < 0, we get 

ℋ1,3(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ±√3(𝜔𝜔−𝓅𝓅)
𝓆𝓆  𝑡𝑡𝑡𝑡𝑡𝑡ℎ (√ 𝓅𝓅−𝜔𝜔

2𝓅𝓅𝓅𝓅𝜔𝜔 (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 + 𝒞𝒞)) 𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 

and 

ℋ1,4(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ±√3(𝜔𝜔−𝓅𝓅)
𝓆𝓆  𝑐𝑐𝑐𝑐𝑐𝑐ℎ (√ 𝓅𝓅−𝜔𝜔

2𝓅𝓅𝓅𝓅𝜔𝜔  (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 + 𝒞𝒞)) 𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 

where 𝒞𝒞 is constant. 

When 𝑛𝑛 ≠ 1, 𝓀𝓀 = ℓ = 0, we obtain 

ℋ1,5(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ± (√− 𝓆𝓆
6𝓅𝓅𝓅𝓅𝓅𝓅 (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 + 𝒞𝒞))
−1

𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 

where 𝒞𝒞 is constant. 

Appling the transformation (3.13) to the above solutions yields the following new solutions to Eq. 

(1.1), 

ℋ1,1
∗ (𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = (

3(𝜔𝜔−𝓅𝓅)
𝓆𝓆 ±𝒜𝒜√3(𝓅𝓅−𝜔𝜔)

𝓆𝓆  𝑡𝑡𝑡𝑡𝑡𝑡(√ 𝜔𝜔−𝓅𝓅
2𝓅𝓅𝓅𝓅𝜔𝜔 (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 +𝒞𝒞))

𝒜𝒜±√3(𝓅𝓅−𝜔𝜔)
𝓆𝓆  𝑡𝑡𝑡𝑡𝑡𝑡(√ 𝜔𝜔−𝓅𝓅

2𝓅𝓅𝓅𝓅𝜔𝜔 (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗
𝜗𝜗 +𝒞𝒞))

) 𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 

ℋ1,2
∗ (𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = (

3(𝜔𝜔−𝓅𝓅)
𝓆𝓆 ±𝒜𝒜√3(𝓅𝓅−𝜔𝜔)

𝓆𝓆  𝑐𝑐𝑐𝑐𝑡𝑡(√ 𝜔𝜔−𝓅𝓅
2𝓅𝓅𝓅𝓅𝜔𝜔 (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 +𝒞𝒞))

𝒜𝒜±√3(𝓅𝓅−𝜔𝜔)
𝓆𝓆  𝑐𝑐𝑐𝑐𝑐𝑐(√ 𝜔𝜔−𝓅𝓅

2𝓅𝓅𝓅𝓅𝜔𝜔 (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗
𝜗𝜗 +𝒞𝒞))

) 𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 

where C is constant.

When 
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ℋ1,2(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ±√3(𝓅𝓅−𝜔𝜔)
𝓆𝓆  𝑐𝑐𝑐𝑐𝑐𝑐 (√ 𝜔𝜔−𝓅𝓅

2𝓅𝓅𝓅𝓅𝜔𝜔  (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 + 𝒞𝒞)) 𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 

where 𝒞𝒞 is constant. 

 

When 𝜔𝜔−𝓅𝓅
𝓅𝓅𝓅𝓅𝓅𝓅 < 0, we get 

ℋ1,3(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ±√3(𝜔𝜔−𝓅𝓅)
𝓆𝓆  𝑡𝑡𝑡𝑡𝑡𝑡ℎ (√ 𝓅𝓅−𝜔𝜔

2𝓅𝓅𝓅𝓅𝜔𝜔 (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 + 𝒞𝒞)) 𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 

and 

ℋ1,4(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ±√3(𝜔𝜔−𝓅𝓅)
𝓆𝓆  𝑐𝑐𝑐𝑐𝑐𝑐ℎ (√ 𝓅𝓅−𝜔𝜔

2𝓅𝓅𝓅𝓅𝜔𝜔  (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 + 𝒞𝒞)) 𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 

where 𝒞𝒞 is constant. 

When 𝑛𝑛 ≠ 1, 𝓀𝓀 = ℓ = 0, we obtain 

ℋ1,5(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ± (√− 𝓆𝓆
6𝓅𝓅𝓅𝓅𝓅𝓅 (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 + 𝒞𝒞))
−1

𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 

where 𝒞𝒞 is constant. 

Appling the transformation (3.13) to the above solutions yields the following new solutions to Eq. 

(1.1), 

ℋ1,1
∗ (𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = (

3(𝜔𝜔−𝓅𝓅)
𝓆𝓆 ±𝒜𝒜√3(𝓅𝓅−𝜔𝜔)

𝓆𝓆  𝑡𝑡𝑡𝑡𝑡𝑡(√ 𝜔𝜔−𝓅𝓅
2𝓅𝓅𝓅𝓅𝜔𝜔 (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 +𝒞𝒞))

𝒜𝒜±√3(𝓅𝓅−𝜔𝜔)
𝓆𝓆  𝑡𝑡𝑡𝑡𝑡𝑡(√ 𝜔𝜔−𝓅𝓅

2𝓅𝓅𝓅𝓅𝜔𝜔 (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗
𝜗𝜗 +𝒞𝒞))

) 𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 

ℋ1,2
∗ (𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = (

3(𝜔𝜔−𝓅𝓅)
𝓆𝓆 ±𝒜𝒜√3(𝓅𝓅−𝜔𝜔)

𝓆𝓆  𝑐𝑐𝑐𝑐𝑡𝑡(√ 𝜔𝜔−𝓅𝓅
2𝓅𝓅𝓅𝓅𝜔𝜔 (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 +𝒞𝒞))

𝒜𝒜±√3(𝓅𝓅−𝜔𝜔)
𝓆𝓆  𝑐𝑐𝑐𝑐𝑐𝑐(√ 𝜔𝜔−𝓅𝓅

2𝓅𝓅𝓅𝓅𝜔𝜔 (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗
𝜗𝜗 +𝒞𝒞))

) 𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 

 < 0 , we get
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ℋ1,2(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ±√3(𝓅𝓅−𝜔𝜔)
𝓆𝓆  𝑐𝑐𝑐𝑐𝑐𝑐 (√ 𝜔𝜔−𝓅𝓅

2𝓅𝓅𝓅𝓅𝜔𝜔  (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 + 𝒞𝒞)) 𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 

where 𝒞𝒞 is constant. 

 

When 𝜔𝜔−𝓅𝓅
𝓅𝓅𝓅𝓅𝓅𝓅 < 0, we get 

ℋ1,3(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ±√3(𝜔𝜔−𝓅𝓅)
𝓆𝓆  𝑡𝑡𝑡𝑡𝑡𝑡ℎ (√ 𝓅𝓅−𝜔𝜔

2𝓅𝓅𝓅𝓅𝜔𝜔 (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 + 𝒞𝒞)) 𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 

and 

ℋ1,4(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ±√3(𝜔𝜔−𝓅𝓅)
𝓆𝓆  𝑐𝑐𝑐𝑐𝑐𝑐ℎ (√ 𝓅𝓅−𝜔𝜔

2𝓅𝓅𝓅𝓅𝜔𝜔  (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 + 𝒞𝒞)) 𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 

where 𝒞𝒞 is constant. 

When 𝑛𝑛 ≠ 1, 𝓀𝓀 = ℓ = 0, we obtain 

ℋ1,5(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ± (√− 𝓆𝓆
6𝓅𝓅𝓅𝓅𝓅𝓅 (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 + 𝒞𝒞))
−1

𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 

where 𝒞𝒞 is constant. 

Appling the transformation (3.13) to the above solutions yields the following new solutions to Eq. 

(1.1), 

ℋ1,1
∗ (𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = (

3(𝜔𝜔−𝓅𝓅)
𝓆𝓆 ±𝒜𝒜√3(𝓅𝓅−𝜔𝜔)

𝓆𝓆  𝑡𝑡𝑡𝑡𝑡𝑡(√ 𝜔𝜔−𝓅𝓅
2𝓅𝓅𝓅𝓅𝜔𝜔 (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 +𝒞𝒞))

𝒜𝒜±√3(𝓅𝓅−𝜔𝜔)
𝓆𝓆  𝑡𝑡𝑡𝑡𝑡𝑡(√ 𝜔𝜔−𝓅𝓅

2𝓅𝓅𝓅𝓅𝜔𝜔 (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗
𝜗𝜗 +𝒞𝒞))

) 𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 

ℋ1,2
∗ (𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = (

3(𝜔𝜔−𝓅𝓅)
𝓆𝓆 ±𝒜𝒜√3(𝓅𝓅−𝜔𝜔)

𝓆𝓆  𝑐𝑐𝑐𝑐𝑡𝑡(√ 𝜔𝜔−𝓅𝓅
2𝓅𝓅𝓅𝓅𝜔𝜔 (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 +𝒞𝒞))

𝒜𝒜±√3(𝓅𝓅−𝜔𝜔)
𝓆𝓆  𝑐𝑐𝑐𝑐𝑐𝑐(√ 𝜔𝜔−𝓅𝓅

2𝓅𝓅𝓅𝓅𝜔𝜔 (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗
𝜗𝜗 +𝒞𝒞))

) 𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 

and
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ℋ1,2(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ±√3(𝓅𝓅−𝜔𝜔)
𝓆𝓆  𝑐𝑐𝑐𝑐𝑐𝑐 (√ 𝜔𝜔−𝓅𝓅

2𝓅𝓅𝓅𝓅𝜔𝜔  (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 + 𝒞𝒞)) 𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 

where 𝒞𝒞 is constant. 

 

When 𝜔𝜔−𝓅𝓅
𝓅𝓅𝓅𝓅𝓅𝓅 < 0, we get 

ℋ1,3(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ±√3(𝜔𝜔−𝓅𝓅)
𝓆𝓆  𝑡𝑡𝑡𝑡𝑡𝑡ℎ (√ 𝓅𝓅−𝜔𝜔

2𝓅𝓅𝓅𝓅𝜔𝜔 (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 + 𝒞𝒞)) 𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 

and 

ℋ1,4(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ±√3(𝜔𝜔−𝓅𝓅)
𝓆𝓆  𝑐𝑐𝑐𝑐𝑐𝑐ℎ (√ 𝓅𝓅−𝜔𝜔

2𝓅𝓅𝓅𝓅𝜔𝜔  (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 + 𝒞𝒞)) 𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 

where 𝒞𝒞 is constant. 

When 𝑛𝑛 ≠ 1, 𝓀𝓀 = ℓ = 0, we obtain 

ℋ1,5(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ± (√− 𝓆𝓆
6𝓅𝓅𝓅𝓅𝓅𝓅 (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 + 𝒞𝒞))
−1

𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 

where 𝒞𝒞 is constant. 

Appling the transformation (3.13) to the above solutions yields the following new solutions to Eq. 

(1.1), 

ℋ1,1
∗ (𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = (

3(𝜔𝜔−𝓅𝓅)
𝓆𝓆 ±𝒜𝒜√3(𝓅𝓅−𝜔𝜔)

𝓆𝓆  𝑡𝑡𝑡𝑡𝑡𝑡(√ 𝜔𝜔−𝓅𝓅
2𝓅𝓅𝓅𝓅𝜔𝜔 (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 +𝒞𝒞))

𝒜𝒜±√3(𝓅𝓅−𝜔𝜔)
𝓆𝓆  𝑡𝑡𝑡𝑡𝑡𝑡(√ 𝜔𝜔−𝓅𝓅

2𝓅𝓅𝓅𝓅𝜔𝜔 (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗
𝜗𝜗 +𝒞𝒞))

) 𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 

ℋ1,2
∗ (𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = (

3(𝜔𝜔−𝓅𝓅)
𝓆𝓆 ±𝒜𝒜√3(𝓅𝓅−𝜔𝜔)

𝓆𝓆  𝑐𝑐𝑐𝑐𝑡𝑡(√ 𝜔𝜔−𝓅𝓅
2𝓅𝓅𝓅𝓅𝜔𝜔 (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 +𝒞𝒞))

𝒜𝒜±√3(𝓅𝓅−𝜔𝜔)
𝓆𝓆  𝑐𝑐𝑐𝑐𝑐𝑐(√ 𝜔𝜔−𝓅𝓅

2𝓅𝓅𝓅𝓅𝜔𝜔 (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗
𝜗𝜗 +𝒞𝒞))

) 𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 

where C is constant.

When 
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ℋ1,2(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ±√3(𝓅𝓅−𝜔𝜔)
𝓆𝓆  𝑐𝑐𝑐𝑐𝑐𝑐 (√ 𝜔𝜔−𝓅𝓅

2𝓅𝓅𝓅𝓅𝜔𝜔  (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 + 𝒞𝒞)) 𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 

where 𝒞𝒞 is constant. 

 

When 𝜔𝜔−𝓅𝓅
𝓅𝓅𝓅𝓅𝓅𝓅 < 0, we get 

ℋ1,3(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ±√3(𝜔𝜔−𝓅𝓅)
𝓆𝓆  𝑡𝑡𝑡𝑡𝑡𝑡ℎ (√ 𝓅𝓅−𝜔𝜔

2𝓅𝓅𝓅𝓅𝜔𝜔 (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 + 𝒞𝒞)) 𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 

and 

ℋ1,4(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ±√3(𝜔𝜔−𝓅𝓅)
𝓆𝓆  𝑐𝑐𝑐𝑐𝑐𝑐ℎ (√ 𝓅𝓅−𝜔𝜔

2𝓅𝓅𝓅𝓅𝜔𝜔  (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 + 𝒞𝒞)) 𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 

where 𝒞𝒞 is constant. 

When 𝑛𝑛 ≠ 1, 𝓀𝓀 = ℓ = 0, we obtain 

ℋ1,5(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ± (√− 𝓆𝓆
6𝓅𝓅𝓅𝓅𝓅𝓅 (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 + 𝒞𝒞))
−1

𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 

where 𝒞𝒞 is constant. 

Appling the transformation (3.13) to the above solutions yields the following new solutions to Eq. 

(1.1), 

ℋ1,1
∗ (𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = (

3(𝜔𝜔−𝓅𝓅)
𝓆𝓆 ±𝒜𝒜√3(𝓅𝓅−𝜔𝜔)

𝓆𝓆  𝑡𝑡𝑡𝑡𝑡𝑡(√ 𝜔𝜔−𝓅𝓅
2𝓅𝓅𝓅𝓅𝜔𝜔 (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 +𝒞𝒞))

𝒜𝒜±√3(𝓅𝓅−𝜔𝜔)
𝓆𝓆  𝑡𝑡𝑡𝑡𝑡𝑡(√ 𝜔𝜔−𝓅𝓅

2𝓅𝓅𝓅𝓅𝜔𝜔 (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗
𝜗𝜗 +𝒞𝒞))

) 𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 

ℋ1,2
∗ (𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = (

3(𝜔𝜔−𝓅𝓅)
𝓆𝓆 ±𝒜𝒜√3(𝓅𝓅−𝜔𝜔)

𝓆𝓆  𝑐𝑐𝑐𝑐𝑡𝑡(√ 𝜔𝜔−𝓅𝓅
2𝓅𝓅𝓅𝓅𝜔𝜔 (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 +𝒞𝒞))

𝒜𝒜±√3(𝓅𝓅−𝜔𝜔)
𝓆𝓆  𝑐𝑐𝑐𝑐𝑐𝑐(√ 𝜔𝜔−𝓅𝓅

2𝓅𝓅𝓅𝓅𝜔𝜔 (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗
𝜗𝜗 +𝒞𝒞))

) 𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 

, we obtain
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ℋ1,2(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ±√3(𝓅𝓅−𝜔𝜔)
𝓆𝓆  𝑐𝑐𝑐𝑐𝑐𝑐 (√ 𝜔𝜔−𝓅𝓅

2𝓅𝓅𝓅𝓅𝜔𝜔  (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 + 𝒞𝒞)) 𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 

where 𝒞𝒞 is constant. 

 

When 𝜔𝜔−𝓅𝓅
𝓅𝓅𝓅𝓅𝓅𝓅 < 0, we get 

ℋ1,3(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ±√3(𝜔𝜔−𝓅𝓅)
𝓆𝓆  𝑡𝑡𝑡𝑡𝑡𝑡ℎ (√ 𝓅𝓅−𝜔𝜔

2𝓅𝓅𝓅𝓅𝜔𝜔 (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 + 𝒞𝒞)) 𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 

and 

ℋ1,4(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ±√3(𝜔𝜔−𝓅𝓅)
𝓆𝓆  𝑐𝑐𝑐𝑐𝑐𝑐ℎ (√ 𝓅𝓅−𝜔𝜔

2𝓅𝓅𝓅𝓅𝜔𝜔  (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 + 𝒞𝒞)) 𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 

where 𝒞𝒞 is constant. 

When 𝑛𝑛 ≠ 1, 𝓀𝓀 = ℓ = 0, we obtain 

ℋ1,5(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ± (√− 𝓆𝓆
6𝓅𝓅𝓅𝓅𝓅𝓅 (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 + 𝒞𝒞))
−1

𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 

where 𝒞𝒞 is constant. 

Appling the transformation (3.13) to the above solutions yields the following new solutions to Eq. 

(1.1), 

ℋ1,1
∗ (𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = (

3(𝜔𝜔−𝓅𝓅)
𝓆𝓆 ±𝒜𝒜√3(𝓅𝓅−𝜔𝜔)

𝓆𝓆  𝑡𝑡𝑡𝑡𝑡𝑡(√ 𝜔𝜔−𝓅𝓅
2𝓅𝓅𝓅𝓅𝜔𝜔 (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 +𝒞𝒞))

𝒜𝒜±√3(𝓅𝓅−𝜔𝜔)
𝓆𝓆  𝑡𝑡𝑡𝑡𝑡𝑡(√ 𝜔𝜔−𝓅𝓅

2𝓅𝓅𝓅𝓅𝜔𝜔 (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗
𝜗𝜗 +𝒞𝒞))

) 𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 

ℋ1,2
∗ (𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = (

3(𝜔𝜔−𝓅𝓅)
𝓆𝓆 ±𝒜𝒜√3(𝓅𝓅−𝜔𝜔)

𝓆𝓆  𝑐𝑐𝑐𝑐𝑡𝑡(√ 𝜔𝜔−𝓅𝓅
2𝓅𝓅𝓅𝓅𝜔𝜔 (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 +𝒞𝒞))

𝒜𝒜±√3(𝓅𝓅−𝜔𝜔)
𝓆𝓆  𝑐𝑐𝑐𝑐𝑐𝑐(√ 𝜔𝜔−𝓅𝓅

2𝓅𝓅𝓅𝓅𝜔𝜔 (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗
𝜗𝜗 +𝒞𝒞))

) 𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 

where C is constant.

Appling the transformation (3.13) to the above 
solutions yields the following new solutions to Eq. (1.1),
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ℋ1,2(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ±√3(𝓅𝓅−𝜔𝜔)
𝓆𝓆  𝑐𝑐𝑐𝑐𝑐𝑐 (√ 𝜔𝜔−𝓅𝓅

2𝓅𝓅𝓅𝓅𝜔𝜔  (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 + 𝒞𝒞)) 𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 

where 𝒞𝒞 is constant. 

 

When 𝜔𝜔−𝓅𝓅
𝓅𝓅𝓅𝓅𝓅𝓅 < 0, we get 

ℋ1,3(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ±√3(𝜔𝜔−𝓅𝓅)
𝓆𝓆  𝑡𝑡𝑡𝑡𝑡𝑡ℎ (√ 𝓅𝓅−𝜔𝜔

2𝓅𝓅𝓅𝓅𝜔𝜔 (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 + 𝒞𝒞)) 𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 

and 

ℋ1,4(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ±√3(𝜔𝜔−𝓅𝓅)
𝓆𝓆  𝑐𝑐𝑐𝑐𝑐𝑐ℎ (√ 𝓅𝓅−𝜔𝜔

2𝓅𝓅𝓅𝓅𝜔𝜔  (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 + 𝒞𝒞)) 𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 

where 𝒞𝒞 is constant. 

When 𝑛𝑛 ≠ 1, 𝓀𝓀 = ℓ = 0, we obtain 

ℋ1,5(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ± (√− 𝓆𝓆
6𝓅𝓅𝓅𝓅𝓅𝓅 (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 + 𝒞𝒞))
−1

𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 

where 𝒞𝒞 is constant. 

Appling the transformation (3.13) to the above solutions yields the following new solutions to Eq. 

(1.1), 

ℋ1,1
∗ (𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = (

3(𝜔𝜔−𝓅𝓅)
𝓆𝓆 ±𝒜𝒜√3(𝓅𝓅−𝜔𝜔)

𝓆𝓆  𝑡𝑡𝑡𝑡𝑡𝑡(√ 𝜔𝜔−𝓅𝓅
2𝓅𝓅𝓅𝓅𝜔𝜔 (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 +𝒞𝒞))

𝒜𝒜±√3(𝓅𝓅−𝜔𝜔)
𝓆𝓆  𝑡𝑡𝑡𝑡𝑡𝑡(√ 𝜔𝜔−𝓅𝓅

2𝓅𝓅𝓅𝓅𝜔𝜔 (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗
𝜗𝜗 +𝒞𝒞))

) 𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 

ℋ1,2
∗ (𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = (

3(𝜔𝜔−𝓅𝓅)
𝓆𝓆 ±𝒜𝒜√3(𝓅𝓅−𝜔𝜔)

𝓆𝓆  𝑐𝑐𝑐𝑐𝑡𝑡(√ 𝜔𝜔−𝓅𝓅
2𝓅𝓅𝓅𝓅𝜔𝜔 (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 +𝒞𝒞))

𝒜𝒜±√3(𝓅𝓅−𝜔𝜔)
𝓆𝓆  𝑐𝑐𝑐𝑐𝑐𝑐(√ 𝜔𝜔−𝓅𝓅

2𝓅𝓅𝓅𝓅𝜔𝜔 (𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗
𝜗𝜗 +𝒞𝒞))

) 𝑒𝑒(𝜚𝜚
2𝒲𝒲(𝑡𝑡)−1

4𝜚𝜚2𝑡𝑡), 
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ℋ1,3∗ (𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = (
3(𝜔𝜔−𝓅𝓅)

𝓆𝓆 ±𝒜𝒜√3(𝜔𝜔−𝓅𝓅)𝓆𝓆  𝑡𝑡𝑡𝑡𝑡𝑡ℎ(√ 𝓅𝓅−𝜔𝜔
2𝓅𝓅𝓅𝓅𝜔𝜔 (

𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗
𝜗𝜗 +𝒞𝒞))

𝒜𝒜±√3(𝜔𝜔−𝓅𝓅)𝓆𝓆  𝑡𝑡𝑡𝑡𝑡𝑡ℎ(√ 𝓅𝓅−𝜔𝜔
2𝓅𝓅𝓅𝓅𝜔𝜔 (

𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗
𝜗𝜗 +𝒞𝒞))

) 𝑒𝑒(
𝜚𝜚
2𝒲𝒲(𝑡𝑡)−

1
4𝜚𝜚
2𝑡𝑡), 

ℋ1,4∗ (𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = (
3(𝜔𝜔−𝓅𝓅)

𝓆𝓆 ±𝒜𝒜√3(𝜔𝜔−𝓅𝓅)𝓆𝓆  𝑐𝑐𝑐𝑐𝑐𝑐ℎ(√ 𝓅𝓅−𝜔𝜔
2𝓅𝓅𝓅𝓅𝜔𝜔 (

𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗
𝜗𝜗 +𝒞𝒞))

𝒜𝒜±√3(𝜔𝜔−𝓅𝓅)𝓆𝓆  𝑐𝑐𝑐𝑐𝑡𝑡ℎ(√ 𝓅𝓅−𝜔𝜔
2𝓅𝓅𝓅𝓅𝜔𝜔 (

𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗
𝜗𝜗 +𝒞𝒞))

)𝑒𝑒(
𝜚𝜚
2𝒲𝒲(𝑡𝑡)−

1
4𝜚𝜚
2𝑡𝑡), 

ℋ1,5∗ (𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) =

(

 
 3(𝜔𝜔−𝓅𝓅)𝓆𝓆 ±𝒜𝒜(√− 𝓆𝓆

6𝓅𝓅𝓅𝓅𝓅𝓅(
𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 +𝒞𝒞))
−1

𝒜𝒜±(√− 𝓆𝓆
6𝓅𝓅𝓅𝓅𝓅𝓅(

𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗
𝜗𝜗 +𝒞𝒞))

−1

)

 𝑒𝑒(
𝜚𝜚
2𝒲𝒲(𝑡𝑡)−

1
4𝜚𝜚
2𝑡𝑡), 

where 𝒜𝒜 and 𝒞𝒞 are constants. 

The above solutions, when combined with the transformation given in Eq. (3.13), allow generation 

of additional solutions and so on.  

The solutions of Eq. (1.2) can be derived by applying the same methodology outlined above. 

Accordingly, we obtain 

ℋ2,1(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ±√
3(𝓇𝓇−𝜔𝜔)
𝓅𝓅  𝑐𝑐𝑐𝑐𝑐𝑐 (√𝜔𝜔−𝓇𝓇

2𝓅𝓅𝓅𝓅𝜔𝜔 (
𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 + 𝒞𝒞))𝑒𝑒(
𝜚𝜚
2𝒲𝒲(𝑡𝑡)−

1
4𝜚𝜚
2𝑡𝑡), 𝜔𝜔−𝓇𝓇𝓅𝓅𝓅𝓅𝜔𝜔 > 0, 

ℋ2,2(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ±√
3(𝜔𝜔−𝓇𝓇)
𝓅𝓅  𝑡𝑡𝑡𝑡𝑡𝑡ℎ(√𝓇𝓇−𝜔𝜔

2𝓅𝓅𝓅𝓅𝜔𝜔  (
𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 + 𝒞𝒞))𝑒𝑒(
𝜚𝜚
2𝒲𝒲(𝑡𝑡)−

1
4𝜚𝜚
2𝑡𝑡), 𝜔𝜔−𝓇𝓇𝓅𝓅𝓅𝓅𝜔𝜔 < 0,

where 𝒞𝒞 is constant. 

Similarly, the solutions of Eq. (1.3) are obtained as 

ℋ3,1(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ±√
3(𝓆𝓆−𝜔𝜔)
𝓇𝓇  𝑡𝑡𝑡𝑡𝑡𝑡(√𝜔𝜔−𝓆𝓆

2𝓅𝓅2𝜔𝜔 (
𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 + 𝒞𝒞)) 𝑒𝑒(
𝜚𝜚
2𝒲𝒲(𝑡𝑡)−

1
4𝜚𝜚
2𝑡𝑡), 𝜔𝜔−𝓆𝓆𝓅𝓅2𝜔𝜔 > 0, 

and 

ℋ3,2(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ±√
3(𝜔𝜔−𝓆𝓆)
𝓇𝓇  𝑐𝑐𝑐𝑐𝑐𝑐ℎ(√ 𝓆𝓆−𝜔𝜔

2𝓅𝓅2𝜔𝜔 (
𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 + 𝒞𝒞)) 𝑒𝑒(
𝜚𝜚
2𝒲𝒲(𝑡𝑡)−

1
4𝜚𝜚
2𝑡𝑡), 𝜔𝜔−𝓆𝓆𝓅𝓅2𝜔𝜔 < 0, 

where 𝒜 and 𝒞 are constants. 

The above solutions, when combined with the 
transformation given in Eq. (3.13), allow generation of 
additional solutions and so on. 

The solutions of Eq. (1.2) can be derived by applying 
the same methodology outlined above. Accordingly, we 
obtain
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ℋ1,3∗ (𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = (
3(𝜔𝜔−𝓅𝓅)

𝓆𝓆 ±𝒜𝒜√3(𝜔𝜔−𝓅𝓅)𝓆𝓆  𝑡𝑡𝑡𝑡𝑡𝑡ℎ(√ 𝓅𝓅−𝜔𝜔
2𝓅𝓅𝓅𝓅𝜔𝜔 (

𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗
𝜗𝜗 +𝒞𝒞))

𝒜𝒜±√3(𝜔𝜔−𝓅𝓅)𝓆𝓆  𝑡𝑡𝑡𝑡𝑡𝑡ℎ(√ 𝓅𝓅−𝜔𝜔
2𝓅𝓅𝓅𝓅𝜔𝜔 (

𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗
𝜗𝜗 +𝒞𝒞))

) 𝑒𝑒(
𝜚𝜚
2𝒲𝒲(𝑡𝑡)−

1
4𝜚𝜚
2𝑡𝑡), 

ℋ1,4∗ (𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = (
3(𝜔𝜔−𝓅𝓅)

𝓆𝓆 ±𝒜𝒜√3(𝜔𝜔−𝓅𝓅)𝓆𝓆  𝑐𝑐𝑐𝑐𝑐𝑐ℎ(√ 𝓅𝓅−𝜔𝜔
2𝓅𝓅𝓅𝓅𝜔𝜔 (

𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗
𝜗𝜗 +𝒞𝒞))

𝒜𝒜±√3(𝜔𝜔−𝓅𝓅)𝓆𝓆  𝑐𝑐𝑐𝑐𝑡𝑡ℎ(√ 𝓅𝓅−𝜔𝜔
2𝓅𝓅𝓅𝓅𝜔𝜔 (

𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗
𝜗𝜗 +𝒞𝒞))

)𝑒𝑒(
𝜚𝜚
2𝒲𝒲(𝑡𝑡)−

1
4𝜚𝜚
2𝑡𝑡), 

ℋ1,5∗ (𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) =

(

 
 3(𝜔𝜔−𝓅𝓅)𝓆𝓆 ±𝒜𝒜(√− 𝓆𝓆

6𝓅𝓅𝓅𝓅𝓅𝓅(
𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 +𝒞𝒞))
−1

𝒜𝒜±(√− 𝓆𝓆
6𝓅𝓅𝓅𝓅𝓅𝓅(

𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗
𝜗𝜗 +𝒞𝒞))

−1

)

 𝑒𝑒(
𝜚𝜚
2𝒲𝒲(𝑡𝑡)−

1
4𝜚𝜚
2𝑡𝑡), 

where 𝒜𝒜 and 𝒞𝒞 are constants. 

The above solutions, when combined with the transformation given in Eq. (3.13), allow generation 

of additional solutions and so on.  

The solutions of Eq. (1.2) can be derived by applying the same methodology outlined above. 

Accordingly, we obtain 

ℋ2,1(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ±√
3(𝓇𝓇−𝜔𝜔)
𝓅𝓅  𝑐𝑐𝑐𝑐𝑐𝑐 (√𝜔𝜔−𝓇𝓇

2𝓅𝓅𝓅𝓅𝜔𝜔 (
𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 + 𝒞𝒞))𝑒𝑒(
𝜚𝜚
2𝒲𝒲(𝑡𝑡)−

1
4𝜚𝜚
2𝑡𝑡), 𝜔𝜔−𝓇𝓇𝓅𝓅𝓅𝓅𝜔𝜔 > 0, 

ℋ2,2(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ±√
3(𝜔𝜔−𝓇𝓇)
𝓅𝓅  𝑡𝑡𝑡𝑡𝑡𝑡ℎ(√𝓇𝓇−𝜔𝜔

2𝓅𝓅𝓅𝓅𝜔𝜔  (
𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 + 𝒞𝒞))𝑒𝑒(
𝜚𝜚
2𝒲𝒲(𝑡𝑡)−

1
4𝜚𝜚
2𝑡𝑡), 𝜔𝜔−𝓇𝓇𝓅𝓅𝓅𝓅𝜔𝜔 < 0,

where 𝒞𝒞 is constant. 

Similarly, the solutions of Eq. (1.3) are obtained as 

ℋ3,1(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ±√
3(𝓆𝓆−𝜔𝜔)
𝓇𝓇  𝑡𝑡𝑡𝑡𝑡𝑡(√𝜔𝜔−𝓆𝓆

2𝓅𝓅2𝜔𝜔 (
𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 + 𝒞𝒞)) 𝑒𝑒(
𝜚𝜚
2𝒲𝒲(𝑡𝑡)−

1
4𝜚𝜚
2𝑡𝑡), 𝜔𝜔−𝓆𝓆𝓅𝓅2𝜔𝜔 > 0, 

and 

ℋ3,2(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ±√
3(𝜔𝜔−𝓆𝓆)
𝓇𝓇  𝑐𝑐𝑐𝑐𝑐𝑐ℎ(√ 𝓆𝓆−𝜔𝜔

2𝓅𝓅2𝜔𝜔 (
𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 + 𝒞𝒞)) 𝑒𝑒(
𝜚𝜚
2𝒲𝒲(𝑡𝑡)−

1
4𝜚𝜚
2𝑡𝑡), 𝜔𝜔−𝓆𝓆𝓅𝓅2𝜔𝜔 < 0, 

where C is constant.

Similarly, the solutions of Eq. (1.3) are obtained as

11 
 

ℋ1,3∗ (𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = (
3(𝜔𝜔−𝓅𝓅)

𝓆𝓆 ±𝒜𝒜√3(𝜔𝜔−𝓅𝓅)𝓆𝓆  𝑡𝑡𝑡𝑡𝑡𝑡ℎ(√ 𝓅𝓅−𝜔𝜔
2𝓅𝓅𝓅𝓅𝜔𝜔 (

𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗
𝜗𝜗 +𝒞𝒞))

𝒜𝒜±√3(𝜔𝜔−𝓅𝓅)𝓆𝓆  𝑡𝑡𝑡𝑡𝑡𝑡ℎ(√ 𝓅𝓅−𝜔𝜔
2𝓅𝓅𝓅𝓅𝜔𝜔 (

𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗
𝜗𝜗 +𝒞𝒞))

) 𝑒𝑒(
𝜚𝜚
2𝒲𝒲(𝑡𝑡)−

1
4𝜚𝜚
2𝑡𝑡), 

ℋ1,4∗ (𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = (
3(𝜔𝜔−𝓅𝓅)

𝓆𝓆 ±𝒜𝒜√3(𝜔𝜔−𝓅𝓅)𝓆𝓆  𝑐𝑐𝑐𝑐𝑐𝑐ℎ(√ 𝓅𝓅−𝜔𝜔
2𝓅𝓅𝓅𝓅𝜔𝜔 (

𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗
𝜗𝜗 +𝒞𝒞))

𝒜𝒜±√3(𝜔𝜔−𝓅𝓅)𝓆𝓆  𝑐𝑐𝑐𝑐𝑡𝑡ℎ(√ 𝓅𝓅−𝜔𝜔
2𝓅𝓅𝓅𝓅𝜔𝜔 (

𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗
𝜗𝜗 +𝒞𝒞))

)𝑒𝑒(
𝜚𝜚
2𝒲𝒲(𝑡𝑡)−

1
4𝜚𝜚
2𝑡𝑡), 

ℋ1,5∗ (𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) =

(

 
 3(𝜔𝜔−𝓅𝓅)𝓆𝓆 ±𝒜𝒜(√− 𝓆𝓆

6𝓅𝓅𝓅𝓅𝓅𝓅(
𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 +𝒞𝒞))
−1

𝒜𝒜±(√− 𝓆𝓆
6𝓅𝓅𝓅𝓅𝓅𝓅(

𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗
𝜗𝜗 +𝒞𝒞))

−1

)

 𝑒𝑒(
𝜚𝜚
2𝒲𝒲(𝑡𝑡)−

1
4𝜚𝜚
2𝑡𝑡), 

where 𝒜𝒜 and 𝒞𝒞 are constants. 

The above solutions, when combined with the transformation given in Eq. (3.13), allow generation 

of additional solutions and so on.  

The solutions of Eq. (1.2) can be derived by applying the same methodology outlined above. 

Accordingly, we obtain 

ℋ2,1(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ±√
3(𝓇𝓇−𝜔𝜔)
𝓅𝓅  𝑐𝑐𝑐𝑐𝑐𝑐 (√𝜔𝜔−𝓇𝓇

2𝓅𝓅𝓅𝓅𝜔𝜔 (
𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 + 𝒞𝒞))𝑒𝑒(
𝜚𝜚
2𝒲𝒲(𝑡𝑡)−

1
4𝜚𝜚
2𝑡𝑡), 𝜔𝜔−𝓇𝓇𝓅𝓅𝓅𝓅𝜔𝜔 > 0, 

ℋ2,2(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ±√
3(𝜔𝜔−𝓇𝓇)
𝓅𝓅  𝑡𝑡𝑡𝑡𝑡𝑡ℎ(√𝓇𝓇−𝜔𝜔

2𝓅𝓅𝓅𝓅𝜔𝜔  (
𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 + 𝒞𝒞))𝑒𝑒(
𝜚𝜚
2𝒲𝒲(𝑡𝑡)−

1
4𝜚𝜚
2𝑡𝑡), 𝜔𝜔−𝓇𝓇𝓅𝓅𝓅𝓅𝜔𝜔 < 0,

where 𝒞𝒞 is constant. 

Similarly, the solutions of Eq. (1.3) are obtained as 

ℋ3,1(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ±√
3(𝓆𝓆−𝜔𝜔)
𝓇𝓇  𝑡𝑡𝑡𝑡𝑡𝑡(√𝜔𝜔−𝓆𝓆

2𝓅𝓅2𝜔𝜔 (
𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 + 𝒞𝒞)) 𝑒𝑒(
𝜚𝜚
2𝒲𝒲(𝑡𝑡)−

1
4𝜚𝜚
2𝑡𝑡), 𝜔𝜔−𝓆𝓆𝓅𝓅2𝜔𝜔 > 0, 

and 

ℋ3,2(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ±√
3(𝜔𝜔−𝓆𝓆)
𝓇𝓇  𝑐𝑐𝑐𝑐𝑐𝑐ℎ(√ 𝓆𝓆−𝜔𝜔

2𝓅𝓅2𝜔𝜔 (
𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 + 𝒞𝒞)) 𝑒𝑒(
𝜚𝜚
2𝒲𝒲(𝑡𝑡)−

1
4𝜚𝜚
2𝑡𝑡), 𝜔𝜔−𝓆𝓆𝓅𝓅2𝜔𝜔 < 0, 

and
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ℋ1,3∗ (𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = (
3(𝜔𝜔−𝓅𝓅)

𝓆𝓆 ±𝒜𝒜√3(𝜔𝜔−𝓅𝓅)𝓆𝓆  𝑡𝑡𝑡𝑡𝑡𝑡ℎ(√ 𝓅𝓅−𝜔𝜔
2𝓅𝓅𝓅𝓅𝜔𝜔 (

𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗
𝜗𝜗 +𝒞𝒞))

𝒜𝒜±√3(𝜔𝜔−𝓅𝓅)𝓆𝓆  𝑡𝑡𝑡𝑡𝑡𝑡ℎ(√ 𝓅𝓅−𝜔𝜔
2𝓅𝓅𝓅𝓅𝜔𝜔 (

𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗
𝜗𝜗 +𝒞𝒞))

) 𝑒𝑒(
𝜚𝜚
2𝒲𝒲(𝑡𝑡)−

1
4𝜚𝜚
2𝑡𝑡), 

ℋ1,4∗ (𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = (
3(𝜔𝜔−𝓅𝓅)

𝓆𝓆 ±𝒜𝒜√3(𝜔𝜔−𝓅𝓅)𝓆𝓆  𝑐𝑐𝑐𝑐𝑐𝑐ℎ(√ 𝓅𝓅−𝜔𝜔
2𝓅𝓅𝓅𝓅𝜔𝜔 (

𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗
𝜗𝜗 +𝒞𝒞))

𝒜𝒜±√3(𝜔𝜔−𝓅𝓅)𝓆𝓆  𝑐𝑐𝑐𝑐𝑡𝑡ℎ(√ 𝓅𝓅−𝜔𝜔
2𝓅𝓅𝓅𝓅𝜔𝜔 (

𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗
𝜗𝜗 +𝒞𝒞))

)𝑒𝑒(
𝜚𝜚
2𝒲𝒲(𝑡𝑡)−

1
4𝜚𝜚
2𝑡𝑡), 

ℋ1,5∗ (𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) =

(

 
 3(𝜔𝜔−𝓅𝓅)𝓆𝓆 ±𝒜𝒜(√− 𝓆𝓆

6𝓅𝓅𝓅𝓅𝓅𝓅(
𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 +𝒞𝒞))
−1

𝒜𝒜±(√− 𝓆𝓆
6𝓅𝓅𝓅𝓅𝓅𝓅(

𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗
𝜗𝜗 +𝒞𝒞))

−1

)

 𝑒𝑒(
𝜚𝜚
2𝒲𝒲(𝑡𝑡)−

1
4𝜚𝜚
2𝑡𝑡), 

where 𝒜𝒜 and 𝒞𝒞 are constants. 

The above solutions, when combined with the transformation given in Eq. (3.13), allow generation 

of additional solutions and so on.  

The solutions of Eq. (1.2) can be derived by applying the same methodology outlined above. 

Accordingly, we obtain 

ℋ2,1(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ±√
3(𝓇𝓇−𝜔𝜔)
𝓅𝓅  𝑐𝑐𝑐𝑐𝑐𝑐 (√𝜔𝜔−𝓇𝓇

2𝓅𝓅𝓅𝓅𝜔𝜔 (
𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 + 𝒞𝒞))𝑒𝑒(
𝜚𝜚
2𝒲𝒲(𝑡𝑡)−

1
4𝜚𝜚
2𝑡𝑡), 𝜔𝜔−𝓇𝓇𝓅𝓅𝓅𝓅𝜔𝜔 > 0, 

ℋ2,2(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ±√
3(𝜔𝜔−𝓇𝓇)
𝓅𝓅  𝑡𝑡𝑡𝑡𝑡𝑡ℎ(√𝓇𝓇−𝜔𝜔

2𝓅𝓅𝓅𝓅𝜔𝜔  (
𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 + 𝒞𝒞))𝑒𝑒(
𝜚𝜚
2𝒲𝒲(𝑡𝑡)−

1
4𝜚𝜚
2𝑡𝑡), 𝜔𝜔−𝓇𝓇𝓅𝓅𝓅𝓅𝜔𝜔 < 0,

where 𝒞𝒞 is constant. 

Similarly, the solutions of Eq. (1.3) are obtained as 

ℋ3,1(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ±√
3(𝓆𝓆−𝜔𝜔)
𝓇𝓇  𝑡𝑡𝑡𝑡𝑡𝑡(√𝜔𝜔−𝓆𝓆

2𝓅𝓅2𝜔𝜔 (
𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 + 𝒞𝒞)) 𝑒𝑒(
𝜚𝜚
2𝒲𝒲(𝑡𝑡)−

1
4𝜚𝜚
2𝑡𝑡), 𝜔𝜔−𝓆𝓆𝓅𝓅2𝜔𝜔 > 0, 

and 

ℋ3,2(𝑥𝑥, 𝑦𝑦, z, 𝑡𝑡) = ±√
3(𝜔𝜔−𝓆𝓆)
𝓇𝓇  𝑐𝑐𝑐𝑐𝑐𝑐ℎ(√ 𝓆𝓆−𝜔𝜔

2𝓅𝓅2𝜔𝜔 (
𝓅𝓅𝑥𝑥𝜗𝜗+𝓆𝓆𝑦𝑦𝜗𝜗+𝓇𝓇𝑧𝑧𝜗𝜗−𝜔𝜔𝑡𝑡𝜗𝜗

𝜗𝜗 + 𝒞𝒞)) 𝑒𝑒(
𝜚𝜚
2𝒲𝒲(𝑡𝑡)−

1
4𝜚𝜚
2𝑡𝑡), 𝜔𝜔−𝓆𝓆𝓅𝓅2𝜔𝜔 < 0, 

where C is constant.

4.2	 Boundedness of the obtained solutions
Boundedness of the solutions to Eq. (1.1)-(1.3) 

is determined by the deterministic component ℳ(ξ). 
Hyperbolic tanh-type solutions are uniformly bounded 
in space and yield physically admissible localized waves. 
In contrast, trigonometric solutions involving tan and 
cot, as well as coth-type and rational solutions, exhibit 
singularities at finite values of ξ and therefore remain 
unbounded, except on restricted domains. Boundedness 
is interpreted structurally with respect to the travelling 
wave variable ξ, while stochastic forcing only modulates 
amplitudes and does not alter the spatial structure or 
eliminate existing singularities.

5.	 Results and Discussion
5.1	 Comparisons:
In this subsection, we compare our obtained solutions 

with those derived using other methods. First, we consider 
the results reported in [18] where a modified extended 
tanh-function method was employed. By setting ϱ=0, 
and rewriting the nonlinear terms in Eqs. (1.1)-(1.3) as  

 respectively, the  trigonometric 
(tan, cot) and hyperbolic (tanh, coth) solutions families 
coincide with those presented in [18]. On the other hand, 
by employing the Bäcklund transformation, our method 
yields an infinite family of exact solutions.

Next, we compare our results with those presented in 
[19], where solitary wave solutions were derived using 
the Sardar sub-equation method. By choosing ϱ=0  and 
ϑ=1, the corresponding trigonometric and hyperbolic 
solutions reported in [19] are recovered as special cases 
of our results. The remaining solutions obtained in this 
study are not found in the literature using previously 
applied techniques. This highlights the robustness and 
effectiveness of the R-B S-ODE method in generating 
novel exact solutions.

5.2	 �Influence of white noise (WN) and fractional 
derivative (FD) on the solution of FSWBBM 
equations:

In this subsection, the influence of WN and FD on 
the solutions of Eqs. (1.1)-(1.3) is analyzed. Analytical 
solutions have been worked out for different noise 
strengths ϱ and fixed fractional order ϑ. The following 
parameters will be fixed: 𝒞=0, y=0, z=0, 𝒜=-1, with  
x, t ∈ [-5,5]. The simulations and corresponding 
visualizations are generated using the MATLAB software.

Influence of WN: Figure 1-5 illustrate the effect of 
multiplicative white noise on different wave profiles. In 
all cases, panels (I)-(IV) presented three-dimensional 
surfaces corresponding to increasing noise strengths ϱ=0, 
0.7, 1.2, 1.7, and  while panel (V) displays the associated 
two-dimensional profiles at a fixed time. As the noise 
strength increases, the wave amplitude is progressively 
increased, often leading to extreme peaks or singular 
behavior. Significantly, this amplification leaves the 
underlying spatial structure of each wave remains 
unchanged, indicating that stochastic forcing primarily 
acts as an amplitude-scaling process rather than altering 
the inherent wave structure.

Figure 1. Exhibits the space-time evolution of ℋ*
1,3. 

The deterministic case exhibits a localized singular 
structure with a sharp downward spike. Increasing noise 
strength amplifies the wave magnitude, resulting in a 
singular-kink structure dominated by extreme amplitudes.

D_y^ϑ H^3
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Figure 1. Panels: (I)-(IV) shows 3D-shape of ℋ1,3
∗  with 𝓅𝓅 = 1, 𝓆𝓆 = 1, 𝓇𝓇 = − 1

3 , ω = −1, ϑ = 0.25, (I) ϱ = 0, (II) ϱ = 0.7, 

(III) ϱ =  1.2, and (IV) ϱ = 1.7 and panel (V) corresponding 2D-curves at 𝑡𝑡 = 2. 

 

Figure 2. Show the evolution of the wave profile ℋ2,2. The solution forms a singular-kink wave 

whose spike height increases progressively with noise strength. 

Figure 2. Show the evolution of the wave profile ℋ2,2. The solution forms a singular-kink wave whose spike height 
increases progressively with noise strength.
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Figure 2. Panels: (I)-(IV) shows 3D-shape of ℋ2,2 for 𝓅𝓅 = 1, 𝓆𝓆 = 1, 𝓇𝓇 = 0.1, ω = 1, ϑ = 0.5, (I) ϱ = 0, (II) ϱ = 0.7, (III) ϱ =

 1.2, and (IV) ϱ = 1.7 and panel (V) corresponding 2D-curves at 𝑡𝑡 = −1. 

Figure 3. Displays the evolution of ℋ2,3. The deterministic solution corresponds to a stable kink 

connecting two distinct amplitude levels. Increasing noise preserves the kink shape while 

amplifying the peak amplitudes. 
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Figure 3. Displays the evolution of ℋ2,3. The deterministic solution corresponds to a stable kink connecting two 
distinct amplitude levels. Increasing noise preserves the kink shape while amplifying the peak amplitudes.
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Figure 3. Panels: (I)-(IV) 3D-shape of ℋ2,3 with 𝓅𝓅 = 1, 𝓆𝓆 = − 1
3 , 𝓇𝓇 = 0.1, ω = 1, ϑ = 0.25,  (I) ϱ = 0, (II) ϱ = 0.7, (III) ϱ =

 1.2, and (IV) ϱ = 1.7 and panel (V) corresponding 2D-curves at 𝑡𝑡 = −1. 

Figure 4. Presents wave dynamics of ℋ3,1. The solution exhibits a singular periodic structure with 

bright singular spikes. Noise amplification strengthens the wave magnitude without modifying the 

periodic singular pattern. 

Figure 4. Presents wave dynamics of ℋ3,1. The solution exhibits a singular periodic structure with bright singular 
spikes. Noise amplification strengthens the wave magnitude without modifying the periodic singular pattern.
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Figure 4. Panels: (I)-(IV) 3D-shape of ℋ3,1 with 𝓅𝓅 = 1, 𝓆𝓆 = 0.5, 𝓇𝓇 = −0.3, ω = 1, ϑ = 1, (I) ϱ = 0, (II) ϱ = 0.7, (III) ϱ =

 1.2, and (IV) ϱ = 1.7 and panel (V) corresponding 2D-curves at 𝑡𝑡 = −1. 

 

Figure 5. The wave surface of ℋ3,4. The wave displays a bright singular structure that preserves 

its spatial structure under stochastic forcing, while exhibiting progressively stronger amplitude 

amplification and more pronounced peaks. 
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Figure 5. The wave surface of ℋ3,4. The wave displays a bright singular structure that preserves its spatial structure 
under stochastic forcing, while exhibiting progressively stronger amplitude amplification and more pronounced peaks.
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Figure 5. Panels: (I)-(IV) shows 3D-shape of ℋ3,4 with 𝓅𝓅 = 5, 𝓆𝓆 = 1, 𝓇𝓇 = −0.3, ω = 0.5, ϑ = 1,  (I) ϱ = 0, (II) ϱ = 0.7, (III) 

ϱ =  1.2, and (IV) ϱ = 1.7 and panel (V) corresponding 2D-curves at 𝑡𝑡 = 2. 

 

Influence of CFD: Figures 6-10 demonstrate the effect of varying the conformable fractional order 

𝜗𝜗 on the wave solutions. Panels (I)-(IV), present three-dimensional profiles corresponding to 

different values of order 𝜗𝜗 =  0.25, 0.5, 0.8, and 1, while panel (V) shows the corresponding two-

dimensional profiles. The results indicate that the fractional order significantly influences wave 

existence, shape, and stability, as well as the occurrence or absence of singular properties. In 

general, increasing 𝜗𝜗 tends to stabilize the wave profiles, leading to more regular structures and 

weaker singular characteristic.  

Influence of CFD: Figures 6-10 demonstrate the 
effect of varying the conformable fractional order ϑ 
on the wave solutions. Panels (I)-(IV), present three-
dimensional profiles corresponding to different values 
of order ϑ = 0.25,0.5,0.8, and 1, while panel (V) shows 
the corresponding two-dimensional profiles. The 
results indicate that the fractional order significantly 
influences wave existence, shape, and stability, as well 
as the occurrence or absence of singular properties. In 
general, increasing ϑ tends to stabilize the wave profiles, 
leading to more regular structures and weaker singular 
characteristic. 

Figure 6. Illustrates the wave profiles of ℋ*
3,1. The 

lower fractional orders produce singular bright solitary-
wave like structures, whereas higher values of ϑ yield 
smoother bright soliton-like profiles.
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Figure 6. Illustrates the wave profiles of ℋ1,3
∗ . The lower fractional orders produce singular bright 

solitary-wave like structures, whereas higher values of 𝜗𝜗 yield smoother bright soliton-like 

profiles. 

 

Figure 6. Panels: (I)-(IV) shows 3D-shape of ℋ1,3
∗  with 𝓅𝓅 = 1, 𝓆𝓆 = 1, 𝓇𝓇 = − 1

3 , 𝜔𝜔 = −1, 𝜚𝜚 = 0,  and 𝐴𝐴 = −1. (I) 𝜗𝜗 = 0.25,  

(II) 𝜗𝜗 = 0.5, (III) 𝜗𝜗 = 0.8, (IV) 𝜗𝜗 = 1 and panel (V) corresponding 2D-curves at 𝑡𝑡 = 0. 

Figure 7. Shows the evolution of singular structures under varying 𝜗𝜗. The solution transitions 

from localized singular spike waves to singular solitary waves with kink-like skewness. 
Figure 7. Shows the evolution of singular structures under varying ϑ. The solution transitions from localized singular 

spike waves to singular solitary waves with kink-like skewness.
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Figure 7. Panels: (I)-(IV) shows 3D-shape of ℋ2,2 with 𝓅𝓅 = 1, 𝓆𝓆 = 1, 𝓇𝓇 = 0.1, 𝜔𝜔 = 1, 𝜚𝜚 = 0, (I) 𝜗𝜗 = 0.25, (II) 𝜗𝜗 = 0.5,  

(III) 𝜗𝜗 = 0.8, (IV) 𝜗𝜗 = 1 and panel (V) corresponding  2D-curves at 𝑡𝑡 = −1. 

Figure 8. Presents the wave dynamics of ℋ2,3. At low 𝜗𝜗, the solution exhibits a pronounced 

singular dark soliton, which evolves  into a smooth dark soliton-like structure as 𝜗𝜗 increases. 



48

Ahmed M. A. Adam :Analytical Solutions of Fractional Stochastic Wazwaz-Benjamin-Bona-Mahony Equations	 39-52

Figure 8. Presents the wave dynamics of ℋ2,3. At low ϑ, the solution exhibits a pronounced singular dark soliton, 
which evolves  into a smooth dark soliton-like structure as ϑ increases.
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Figure 8. Panels: (I)-(IV) shows 3D-shape of ℋ2,3 with 𝓅𝓅 = 1, 𝓆𝓆 = − 1
3 , 𝓇𝓇 = 0.1, 𝜔𝜔 = 1, 𝜚𝜚 = 0,  (I) 𝜗𝜗 = 0.25, (II) 𝜗𝜗 = 0.5, 

(III) 𝜗𝜗 = 0.8, (IV) 𝜗𝜗 = 1 and panel (V) corresponding 2D-curves at  𝑡𝑡 = −1. 

Figure 9. Depicts the wave profiles of ℋ3,1for different fractional orders. Singular solitary-wave 

structures dominate at lower 𝜗𝜗, while higher values lead to a singular kink-type form. 
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at lower ϑ, while higher values lead to a singular kink-type form.
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Figure 9. Panels: (I)-(IV) shows 3D-shape of ℋ3,1 with 𝓅𝓅 = 1, 𝓆𝓆 = 0.5, 𝓇𝓇 = −0.3, 𝜔𝜔 = 1, 𝜚𝜚 = 0,  (I) 𝜗𝜗 = 0.25, (II) 𝜗𝜗 =

0.5, (III) 𝜗𝜗 = 0.8, (IV) 𝜗𝜗 = 1 and panel (V) corresponding  2D-curves at 𝑡𝑡 = 2. 

Figure 10. displays singular wave patterns for varying 𝜗𝜗. The solution exhibits a transition from 

single singular kinks to strong multi-singular spike structures, with spatial locations remaining 

fixed and amplitudes varying progressively. 

 

Figure 10. Panels: (I)-(IV) shows 3D-shape of ℋ3,4 with 𝓅𝓅 = 5, 𝓆𝓆 = 1, 𝓇𝓇 = −0.3, 𝜔𝜔 = 0.5, 𝜚𝜚 = 0,  (I) 𝜗𝜗 = 0.25, (II) 𝜗𝜗 = 0.5, 

(III) 𝜗𝜗 = 0.8, (IV) 𝜗𝜗 = 1 and panel (V) corresponding 2D-curves at 𝑡𝑡 = 5. 

6. Conclusions 

In this paper, the influence of WN and fractional order on the solutions of the FSWBBM equations 

have been investigated. A variety of travelling waves solutions for the FSWBBM equations were 

obtained using R-B S-ODE method. These solutions include bright, periodic bright, a combination 

of bright and dark singular periodic, and singular dark waves. 2D and 3D plots of these solutions 

are presented to illustrate the physical behavior. Based on the findings, the R-B S-ODE method 
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6.	 Conclusions
In this paper, the influence of WN and fractional order 

on the solutions of the FSWBBM equations have been 
investigated. A variety of travelling waves solutions for 
the FSWBBM equations were obtained using R-B S-ODE 
method. These solutions include bright, periodic bright, 
a combination of bright and dark singular periodic, and 
singular dark waves. 2D and 3D plots of these solutions 
are presented to illustrate the physical behavior. Based on 
the findings, the R-B S-ODE method possesses several 
advantages: it is simple, computationally efficient, and 
capable of yielding an infinite sequence of exact solutions. 
As such, it proves to be a robust scheme for resolving 
FSWBBM equations. Future research will extend the 
outcomes of this investigation to explore exact solutions 
of complex FSPDEs models arising in mathematics and 
physics.
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